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Abstract
The occurrence of cavitation phenomena inside a nozzle of a fuel injector for diesel
engines is directly connected with local pressure drop. Understanding of cavitation ﬂow in
a nozzle of a fuel injector has major importance, since it plays a signiﬁcant role in the fuel
spray atomization, which strongly affects diesel engine performance and emissions.
The main goal of this dissertation is to establish an effective combination of numerical
cavitation models, which can accurately simulate the complex recirculation ﬂow, the cloud
cavitation shedding and the re-entrant jet inside fuel injector nozzles. For this purpose, both
an in house code and the free computational ﬂuid dynamics (CFD) package OpenFOAM
are used. Numerical results are validated quantitatively through the comparison with
experimental results of turbulent cavitating ﬂows in a one-side rectangular nozzle. The
images of cavitation are captured by a high-speed camera and the turbulent velocity is
measured by a Laser Doppler Velocimetry (LDV). The presented work is divided into three
major parts:
1. The ﬁrst objective of the presented thesis is to assess the applicability of the existing
bubble dynamics models, i.e., the Rayleigh-Plesset (RP) equation and simpliﬁed RP
equation, which is called Rayleigh (R) equation, to the prediction of the growth and
collapse of cavitation bubbles in Diesel fuel injector. Then, a Modiﬁed Rayleigh
(MR) equation, based on the critical pressure PC , is proposed to overcome the
drawbacks of the existing models. The agreement between calculated and measured
bubble radii conﬁrmed the validity of the RP equation. Numerical calculations
are performed under various conditions, such as a water injection at low injection
pressure and a diesel fuel injection at high injection pressure. The proposed MR
equation is conﬁrmed to give a good estimation of the growth and collapse rates of
cavitation bubbles under various pressure conditions.
2. Next, the applicability of the various combinations of the models on the turbulent
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ﬂow and cavitation to the numerical simulations of the transient cavitating ﬂows in a
nozzle is examined.
(a) The ﬁrst combination consists of the RNG k−εmodel and barotropic cavitation
model or Kunz’s cavitation model, which are not based on the bubble dynamics
models. OpenFOAM is used for the numerical calculations. As a result, it is
conﬁrmed that the combination of Homogeneous Equilibrium Model (HEM), a
Barotropic (Baro) equation and a RANS turbulence model, RNG k − ε model,
underestimates cavitation length and cannot reproduce transient cavitation
behaviour, which plays a dominant role in atomization of injected liquid jet
and spray. While the combination of Kunz’s cavitation model and RNG k − ε
model is able to predict the recirculation ﬂow and the cloud shedding well by
tuning the model’s empirical constants.
(b) Second, the combination in a house code based on Lagrangian Bubble Tracking
Method (BTM), RP equation and Large Eddy Simulation (LES) is examined.
This combination is conﬁrmed to give a good prediction for the cavitation
length, thickness as well as cavitation cloud shedding. However, it requires a
ﬁne grid and a long CPU time, and is applicable only to incipient cavitation.
(c) The ﬁnal combination of Volume-of-Fluids (VOF), RNG k−εmodel and Mass
Transfer Model (MTM), whose source terms are given by R or MR equations,
is tested using OpenFOAM. It is found that the recirculation ﬂow, the cloud
shedding and the re-entrant are well simulated by the combination with MR
equation, whereas cavitation length and thickness are overestimated with R
equation.
3. Finally, the two-equation RANS turbulence models, such as k − ω SST and RNG
k − ε models, with various meshes of different cell sizes and the one equation
eddy viscosity model under the framework of Large Eddy Simulation (LES) with a
ﬁne mesh are investigated to simulate the turbulent ﬂow in an one-side rectangular
nozzle. The results conclude that RNG k − ε model with MR equation gives a good
prediction for the cavitation length and thickness in a nozzle with the ﬁne mesh of
less than 50 μm in the minimum mesh size Δxmin. The cavitation cloud shedding
is well reproduced by RNG k − ε using the mesh with the minimum mesh size
Δxmin=50 μm. The k−ω SST model with MR equation predicts well the cavitation
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length and thickness in a nozzle with the ﬁner mesh with less than 25 μm in Δxmin.
Also, the cavitation cloud shedding is well simulated with the k − ω SST model
and MR equation using ﬁne mesh size Δxmin=25 μm. The recirculation ﬂow and
the vortex shedding accompanied by cavitation cloud until the exit of the nozzle are
well simulated with the combination of MR/LES models using the ﬁne grid with
minimum mesh size Δxmin of 4.4 μm compared to RANS models.
The study concludes that the MR equation together with appropriate turbulence model
and a ﬁne mesh can simulate not only the complex cavitating recirculation ﬂow, cloud
cavitation shedding and re-entrant jet ﬂow but also cavitation thickness, length as well
as mean and turbulence velocities quantitatively, and can be used to explore cavitation
phenomena inside fuel injector nozzles.
v
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Chapter 1
Introduction
1.1 Motivation
In today’s world, the environmental pollution caused by fuel emissions from
transportation such as cars and heavy vehicles has been reached to be one of the ma-
jor problems due to excessively releasing harmful gases such as soot, NOx and CO2.
Figure 1.1 shows global carbon emission from fossil fuels which signiﬁcantly rose since
1990 [1]. As seen in Figure 1.1, CO2 emissions have increased by over 16 times between
1900-2008, and by about 1.5 times between 1990-2008.
Figure 1.1: Global CO2 emissions from fossil fuels 1900-2008 [1]
This situation directly threats the life of humans and animals, and results in vital
diseases [2]. Lots of efforts have been paid to ﬁnd the different energy sources, which are
called ”renewable energy sources” with less polluting. However, due to their high cost in
the production and usage, fossil fuels are still dominating and widely used to convert the
chemical energy into mechanical power in all over the world. Therefore, the diesel engine
and its combustion became one of the challenging topics for the engineers to reduce the
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released harmful gases.
One of the options to decrease the NOx, CO2 and other harmful gases released by
diesel engine is to increase the engine efﬁciency. The fuel spray atomization inside a diesel
engine has an essential importance since it reduces the exhaust gas emissions and increases
the engine efﬁciency. Before the combustion process, the amount of fuel is injected into
the combustion chamber and will be mixed with high heated air. The injector nozzle is one
of the particular components, which inﬂuences the mixing process of fuel and air in the
combustion chamber. Certainly, this mixing efﬁciency is changing according to size and
shape of nozzles, number of the injection holes and their positions in combustion chamber.
Therefore, the internal nozzle ﬂow characteristics have to be understood well in order to
design a fuel injector, since it directly affects the fuel spray characteristics.
Previous studies pointed out that characteristics of fuel spray inside combustion
chambers are strongly inﬂuenced by cavitation which takes place inside fuel injector
nozzle [3–6].
1.1.1 Cavitation Deﬁnition
Figure 1.2 shows the schematic phase diagram of water which is given for pressure
versus temperature. The horizontal motion corresponds to well-known process of boiling
by heating liquid at constant pressure. When the temperature reaches boiling point, the
phase changes from liquid to vapour will be seen. On the other hand, vertical motion
displays the main concept of cavitation phenomena, which occurs when the local pressure
drops below saturation pressure under the constant temperature. As seen in Figure 1.2, the
driving phenomenon of boiling is an increase in temperature at constant pressure, whereas
the driving phenomena cavitation is the sudden pressure reduction.
Cavitation is usually undesirable phenomena for the hydraulic machinery applications
since the cavitation pockets collapses and results in sharp pressure peaks on adjacent
surfaces, which leads to erosion. That is why the cavitation may be known as a main reason
of several negative effects, such as noise, vibrations, performance alterations, erosion and
structural damages on e.g. pump impellers, turbines, ship propellers or in valves [7, 8].
Contrary to the above mentioned apprehension, cavitation can be thought beneﬁcial
in fuel injector’s nozzles since it improves the atomization of diesel spray. This situation
makes the cavitation an important issue in design and operation of diesel engine, which
should be taken under control, or at least well understood.
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Figure 1.2: Water phase change diagram
1.1.2 Cavitation in Fuel Injector Nozzle
Cavitation in a fuel injector nozzle can be deﬁned as the phase transition of liquid
into vapour due to sudden local pressure drop. Figure 1.3 shows the schematic illustration
of the cavitation phenomena occurring inside a nozzle hole. As seen at the entrance of
nozzle, there is a strong change in cross-section and ﬂow direction due to present of sharp
edges. Addition to this, the boundary layer tends to separate from the hole wall and the
vena contracta is formed. As a consequence, a recirculation zone appears between the
vena contracta and the oriﬁce wall. There is a pressure ﬂuctuation in this region due to
the acceleration of the ﬂuid. During the pressure depression, if the static pressure falls
below the vaporization pressure, the cavitation will be appeared. More speciﬁcally, to
start the cavitation in this region, presence of nuclei which is called as small bubbles and
their diameters change around 10−6μm, are needed. If the small bubbles enter into the low
pressure region, they start to grow up and lead to cavitation.
Cavitation inside a fuel injector nozzle tends to enhance the jet turbulence which
leads to increase the spray angle and to promote the fuel atomization of the diesel engine
as shown in Figure 1.4. As seen in Figure 1.4, when the injection pressure Pinj is low, the
cavitation only appears at the entrance of the nozzle. With the increasing of Pinj , cavitation
inside nozzle starts to develop and extend throughout nozzle exit. As a result, cavitation
alters the velocity proﬁle and turbulence level inside nozzle, and directly affects the primary
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 1. Introduction 4
Figure 1.3: Schematic illustration of cavitation inside nozzle
break-up and subsequent atomization of fuel. Finally, the enhanced atomization also results
in better combustion process, which in turn will decrease the fuel consumption and reduce
the released harmful exhaust gases and particulate emissions.
Addition to beneﬁts of the cavitation inside fuel injector nozzle, it should be mentioned
about the disadvantages that can be seen in the multi-hole nozzle as a severe erosion
problem. In some cases, the erosion problem can lead to disastrous results. Therefore,
signiﬁcant damages and erosion can be seen on the provided most of modern nozzles,
which are particularly used with high pressure common-rail systems after operating few
hundred hours of operation [9].
In order to better understand the effects of cavitation inside injector nozzle, a large
variety of experimental works have been performed using large-scale transparent nozzles
[4,10–14], which enable to facilitate visualization of cavitation structure. Figure 1.5 shows
the enlarged symmetric transparent nozzle used in our experiment, whose length LN , width
WN and thickness tN are 16 mm, 4 mm and 2 mm, respectively.
Although, there are some experimental works using real size of injector nozzle
[5, 15–17], it should be noted that performing experiment with an actual nozzle is very
difﬁcult due to:
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Figure 1.4: Cavitation in rectangular nozzle and spray discharged liquid jet
Figure 1.5: Large scale rectangular nozzle [6]
• refraction of light at cylindrical side wall of the nozzles,
• very small scale of the nozzles of about 0.1 mm in diameter and 1 mm in length,
• operating at high injection pressure (up to 1800-2000 bar) using common rail
injection system, which may bang up the experimental tools,
• and high velocity up to hundreds meters per second in the nozzles,
• the total time of the operation inside the nozzle in the order of few ms,
• complexity of the transient cavitating ﬂow, which is affected by the dynamic be-
haviour of the injector shape.
These drawbacks make the experimental visualization and measurements extremely
formidable in an actual nozzle, and also create a big difﬁculty to execute the experimental
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work at exactly same operating conditions and geometry. Therefore, lots of numerical
models have been developed for many years to predict and simulate the cavitation in
injector nozzles [18–26]. The huge density and viscosity differences between liquid and
gas phases make the numerical simulations difﬁcult. That is why the experimental and
numerical works of the turbulent cavitating ﬂow inside fuel injector nozzle and its inﬂuence
on spray atomization are still an on-going and prominent research topic.
1.2 Objectives and Achievements
As explained in the previous section, a good understanding of cavitation ﬂow in a
nozzle of fuel injector for diesel engines has major importance, since it plays a signiﬁcant
role in the fuel spray atomization and strongly affects diesel engine performance and
emissions. Because of the experimental difﬁculties connected with ﬂow measurements
and visualization inside actual size of injector nozzle, Computational Fluid Dynamics
(CFD) simulations stand for an important tool to predict and model the cavitation inside
injector nozzle with the development of high performance computers. Therefore, CFD
works becomes in great demand topic compared to experimental studies due to being easy,
low work-time and low-cost.
The main objective of the present dissertation is to develop an effective combination
of numerical models, which is able to simulate the complex recirculation ﬂow, the cloud
cavitation shedding and the re-entrant jet inside fuel injector nozzles. For this purpose, both
an in-house code and OpenFOAM®, which is based on object-oriented programming, free
open source CFD tool [27] are used. Numerical results are validated using experimental
results of an one-side rectangular nozzle whose images were captured by a high-speed
camera and the turbulent velocity was measured by a Laser Doppler Velocimetry (LDV)
[19]. Following achievements are performed within present thesis:
• The applicability of the existing bubble dynamics models, i.e., the Rayleigh-Plesset
(RP) equation, simpliﬁed RP which is called Rayleigh (R) equation, was assessed to
the prediction of the growth and collapse of cavitation bubbles in diesel fuel injector.
Then, a Modiﬁed Rayleigh (MR) equation taking into account the critical pressure
Pc is proposed to overcome the drawbacks of the RP and R equations.
• Applicability of the various combinations of models to cavitation ﬂow simulation in
a nozzle of liquid fuel injector is examined.
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– First, applicability of cavitation models which are not based on bubble
dynamics models, such as combination of Homogeneous Equilibrium Model
(HEM), a Barotropic (Baro) equation and RANS turbulence model (RNGk−ε),
and Kunz’s cavitation model [22] with VOF and RNG k−ε are examined using
OpenFOAM® software.
– Second, in a house code consists of Lagrangian Bubble Tracking Method
(BTM), RP equation and Large Eddy Simulation (LES) is applied for the
simulation of nozzle cavitation.
– Third, CFD applicability of the MR equation is shown with the combination of
Volume-of-Fluids (VOF), Mass Transfer Model (MTM) and RNG k − ε model
using OpenFOAM®.
• Finally, the effect of turbulence models on cavitation simulation was presented
using k − ω SST, RNG k − ε and LES (k-equation eddy-viscosity) models with MR
equation in OpenFOAM®.
The numerical results are validated through the experimental results of one-side
rectangular nozzle whose transient cavitation distribution was taken by high-speed camera,
and mean and turbulent velocities were obtained by LDV, which are useful for quantitative
validation.
1.3 Thesis Outline
The present work consists of nine chapters.
1. Chapter 1 includes the introductory, where the motivation of this thesis is outlined
along with a brief explanation of air pollution caused by fossil fuels. After that,
deﬁnition of cavitation is presented, and formation of cavitation inside injector
nozzle is explained. Thesis objectives and achievements are also given with the
thesis outline in the same chapter.
2. Chapter 2 reviews previous relevant publications of experimental and numerical
studies on cavitation occurring in both enlarged and real size of injector nozzles.
Emphasis has been given to numerical publications, in which different cavitation
models were used.
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3. Chapter 3 presents the applicability of the existing bubble dynamics models, i.e., RP
equation and R equation, is assessed to predict the growth and collapse of cavitation
bubbles in diesel fuel injector. Additionally, a MR equation based on the critical
pressure Pc equation is proposed to overcome the drawbacks of the former models.
Results are analytically conﬁrmed to agree with the prediction of RP equation.
4. Chapter 4 exhibits the experimental equipment which includes experimental condi-
tions and results that are used for the validation of the numerical calculations.
5. Chapter 5 shows the applicability of the different combinations of cavitation models,
which ignore the bubble dynamics, such as barotropic cavitation model and Kunz’s
cavitation model to turbulent cavitation ﬂows in a fuel injector nozzle. Turbulent
effect is taken into account using RNG k − ε.
6. Chapter 6 provides the details and results related to bubble dynamics with the com-
bination model of Eularian-Lagrangian Bubble Tracking Method (BTM), Rayleigh-
Plesset (RP) and Large Eddy Simulation, which is in-house code.
7. Chapter 7 presents applicability of proposed MR equation to turbulent cavitating
ﬂows and its superiority versus R equation in a fuel injector nozzle using RNG k− ε
turbulence model.
8. Chapter 8 indicates the effects of the turbulence models on cavitation simulation
using k − ω SST, RNG k − ε and LES (k-equation eddy-viscosity) models with MR
equation in OpenFOAM®.
9. Finally, Chapter 9 shows the summary of the major results and ﬁndings of the
present thesis.
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Literature Review
2.1 Introduction
A great number of studies have been provided on the topic of cavitation inside fuel
injector nozzles and its effect on spray atomization both experimentally and numerically in
the literature heretofore. In this chapter, a literature survey, which supplies an overview
of research carried out on relevant to the present thesis, is presented. Addition to this,
important ﬁndings on the topic of nozzle cavitating ﬂow are provided.
The survey mainly focuses on experimental studies conducted with large and real
size injector nozzles, which have aim of highlighting the fundamental understanding of
the cavitation phenomena inside fuel injector nozzles. Additionally, various numerical
investigations of cavitation models are discussed by giving important numerical ﬁndings.
Finally, some of studies particularly relevant to present thesis are investigated in more
detail.
2.2 Experimental Observations on Internal Nozzle Flow
A large variety of experimental works have been performed on cavitation in fuel injec-
tor nozzles, which lead to contribution to the understanding of the cavitation phenomena
and its inﬂuence on spray atomization. These experimental efforts can be classiﬁed into
two groups regarding to using scaled-up and real size nozzles.
An early experimental work in fuel injector nozzle was carried out by Bergwerk [28].
He conducted experiments using transparent simpliﬁed large-scale and real size single hole
injector nozzles to investigate the differences in cavitating ﬂows. He found that cavitation
developing and hydraulic ﬂip are observed with the increasing of cavitation number in
large scale nozzle, whereas a relative effect of geometry imperfections such as rufﬂed
9
Chapter 2. Literature Review 10
spray with increasing cavitation number in real small scale nozzle is captured.
Concerning to same framework, the effect of the nozzle geometry related to cavitation
number and Reynolds number was studied by Spikes and Pennington [29]. They employed
small transparent nozzle with a steady-state ﬂow rig and predicted discharge coefﬁcient.
Finally, they showed that cavitation results are more affected in the variation of the
discharge coefﬁcient compared to Reynolds number when the the ﬂow is turbulent.
Nurick [30] conducted experiments in scaled-up transparent nozzles using both
circular and rectangular sharp-edged geometries. He found that the cavitation inside nozzle
and shape of hydraulic ﬂip vary subject to cavitation number, nozzle radius, length to
diameter ratios of nozzle, and differences between upstream and downstream pressures. He
provided a phenomenological model to be mostly used for a limiting case of axi-symmetric
oriﬁces.
Further, Wu et al. [31] examined more detailed measurements related to different
pressures and spray atomization, and showed the inﬂuence of the cavitation on atomized
spray cone angle.
More recently, Bode et al. [32] carried out study on cavitating ﬂow using a real size
transparent nozzle. They explored a cavitation ﬁlm appearing at the inlet of nozzle since
they raised up the pressure difference, even though the pressure conditions were smaller
than real injector. Additionally, the collapsing of the cavitating bubbles are observed at the
outside of injector nozzle.
Hiroyasu et al. [3] conducted one of the useful experiment using large-scale trans-
parent nozzle to predict the presence of cavitation. They took pictures in the low speed of
nozzle ﬂow to observe the correlation between the nozzle cavitation and spray atomization.
They found out that spray atomization is improved by the extension of cavitation to the exit
of injector nozzle, and ﬁrst break-up length is decreased due to the present of cavitation
inside nozzle. These efforts provide an important correlation to better understand the
cavitating nozzle ﬂow and its inﬂuence on spray break-up. They also showed that the
nozzle length does not have any important effect on the discharge coefﬁcient.
Soteriou et al. [11] performed experiment using large-scale transparent injector
nozzles to comprehend the different ﬂow regimes and their forming inside nozzle. As a
result, they classiﬁed the cavitation into three distinct regions, i.e., a separated boundary
layer inner region, a main stream ﬂow, and an attached boundary layer inner region. They
also showed that the presence of the needle leads to increase the turbulence in the sac
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and to limit hydraulic ﬂip in the standard nozzle, whereas hydraulic ﬂip tends to take
place with the increasing of the cavitation number without needle. Furthermore, Soteriou
et al. [33, 34] used laser light sheet illumination in order to investigate the onset and
developing of cavitation inside large scale nozzle with the aim of getting more deep-insight
into the internal ﬂow characteristics of nozzle. Laser Droplet Velocimetry (LDV) technique
was used to take measurements of the velocity proﬁles within the nozzle under the non-
cavitating conditions. This technique permits to make further investigation of new details
on the cavitation ﬂow characteristics inside nozzles.
Chaves et al. [4] extended the work of Soteriou et al. [11] and carried out some
measurements in small-size nozzles with high injection pressure varying up to 100 MPa,
and back pressure was set to be 0.1 MPa as atmospheric pressure. They showed the
description of the supercavitation, in which the cavities moving through the exit of the
nozzle, as a distinct from hydraulic ﬂip. They further tested the scale effects of nozzle
using available large-scale results and their own results for actual size nozzle. According
to ﬁndings, they concluded that cavitation cannot be scaled-up due to having own length
scale which was not depended on the length scale of nozzle geometry.
He and Ruiz [10] carried out experimental work with two-dimensional enlarged
nozzle using water as the working ﬂuid, and used LDV to measure the ﬂow rate. They
found out that cavitation has substantial impact on the velocity proﬁle near the nozzle inlet.
Subsequently, turbulence is predicted more higher after the cavitation started to appear.
Badock et al. [5] also carried out experiments using both laser sheet illumination and
shadowgraph techniques to analyse the cavitation phenomena inside real size single hole
of nozzle and spray break-up at the exit of nozzle hole. A Bosch common rail system was
used for experiments to generate the unsteady injection conditions with the rail pressure up
to 60 MPa. They predicted the view of liquid surrounded by a cavitating ﬁlm using laser
sheet illumination, whereas it was not visible with shadowgraph.
In the study of Arcoumanis et al. [35], cavitation monitored inside an actual size
nozzle was compared with those obtained in a scaled-up transparent acrylic injector nozzle.
They observed the appearance of string cavitation inside real size of nozzle only at low
needle lift. They also employed LDV technique to measure the local mean velocity and
the turbulent kinetic energy within the injector nozzle. They explored that cavitation in
large-scale nozzles is observed in the form of foamy bubble clouds, while in the real-size
nozzle, there are clear voids as same as shown by Chaves et al. [4]. This similarity indicates
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that cavitation inside nozzle cannot be scaled-up.
Roth et al. [36] studied the dynamic behaviour of the incipient cavitation using
transparent scaled-up mini-sac and VCO type’s injector nozzles with six conical holes.
LDV technique was also used to measure the details of velocity in non-cavitating and
cavitating conditions. As an important ﬁnding, entrance of the injector nozzle formed by
recirculation zones for cavitation incipient is deﬁned as a possible region for cavitation
initiation. As obtained from the LDV data, turbulence level is raised up in down part of the
nozzle since the cavitation number increased. On the other hand, turbulent kinetic energy
gradually decreases for all cavitation conditions to the level of non-cavitating ﬂow.
Moreover, Winklhofer et al. [14] conducted experiments using one straight and two
converging nozzles working with European diesel fuel. They made an extensive post-
processing by taking 20-30 backscattered photos of the two-phase ﬂow for each operating
conditions, and they measured the velocity proﬁles using a ﬂuorescence tracing method.
To separate cavitation such as no cavitation and foamy regions, colour schemes were used
with blue, red and greenish yellow, respectively as shown in Figure 2.1. They predicted
that values of the mass ﬂow rate are almost same for all three types of nozzle at cavitation
inception and choked ﬂow conditions, even though choked ﬂow condition took place after
cavitation inception appeared.
Figure 2.1: Cavitation ﬁelds [14]
Besides, Sou et al. [6] made an experimental work using large scale 2-D transparent
single-hole nozzle. They used LDV technique to measure the velocity patterns inside nozzle
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hole. They displayed that cavitation regime strongly affects the liquid jet atomization,
and observed that cavitation inception starts as bubble clouds in the recirculation zone
near the inlet of a nozzle. As shown in Figure 2.2, a cavitation regime in 2-D nozzles is
divided into four group such as; no cavitation, developing cavitation, super cavitation and
hydraulic ﬂip. Finally, it was concluded that the generation of a long cavitation ﬁlm forms
the development of cavitation zone almost to the exit (supercavitation), and shedding of
cavitation clouds accompanied in vortices ﬁnally induced a large deformation of the liquid
jet.
Figure 2.2: Cavitation regimes in 2-D nozzle [6]
Furthermore, Henry and Collicot [13] carried out experiment using large scale simpli-
ﬁed nozzle. They found that a conglomeration of tiny bubbles formed the cavitation area.
This invention also conﬁrmed the assumption that a cavitation phenomenon is triggered by
presence of nuclei. Further information about the experiments of scaled-up nozzles can be
found in another previous works [37–42].
More focus on the actual size nozzle studies, Blessing et al. [43] conducted experiment
using 1-hole and 6-hole mini-sac actual size nozzles with high pressure conditions. They
used a CCD camera to visualize the internal ﬂow, whereas shadowgraph images were used
to measure the jet close to exit of nozzle. They found that cavitation decreases with the
increasing of the inlet edge’s rounding due to resulting in a higher uniformity. Collicott and
Li [44] carried out a real scale nozzle experiment with 200 μm at real pressure condition
up to 2100 bar. They explored that surface roughness and nozzle inlet shape have inﬂuence
on the nozzle ﬂow. Further information related cavitation experiment using real size
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geometries can be found in the previous studies [16, 45–47].
Before end up this part, it is worthy to mention about another velocity measuring
technique, which is called Particle Image Velocimetry (PIV). It is commonly used to
measure the instantaneous velocity in the entire domain of the nozzle that is the the
different point of PIV than LDV technique, which is mainly used for point measurement.
Walther et al. [48] used PIV technique to predict the velocity ﬁelds inside actual size single
hole fuel injector nozzle. Additionally, Aleiferis et al. [49] used PIV technique to examine
the ﬂow pattern inside optical acrylic type injector nozzle to facilitate the measurements.
As a matter of fact, it should be noted that PIV technique is not widely used in fuel injector
nozzles due to difﬁculty of the measurements in cavitating ﬂow.
As explained so far, although experimental efforts provide important information
in order to well understand the cavitation phenomena inside fuel injector nozzle, it still
remains a big challenge for experimental studies, since most of them carried out either
enlarged nozzle or under real pressure condition. Besides, visualization of high speed
cavitating nozzle ﬂow is needed more effort to get more reliable results.
2.3 Numerical Modelling of Multiphase Flows
The major difﬁculty of the modelling of the cavitation ﬂows originates from a sharp
variation in density due to sudden change in pressure gradient. Therefore, lots of useful
numerical models have been developed for many years to simulate cavitation phenomena
inside fuel injector nozzles. In this section, a brief survey of available approaches to
multiphase cavitating ﬂows and discussion of the substantial results in the cavitation
modelling are presented.
Since the cavitation is multiphase phenomena, it should be noted that there are at
least two different phases with different physical properties and their interactions. Due
to simplicity, only liquid and gas phases are considered in the present thesis. In order to
model the multiphase cavitating ﬂows, it is ﬁrstly needed to specify two-phase treatment
of the liquid and gas, and as well as the phase transition among the phases as source term.
Figure 2.3 shows the classiﬁcations of the existing multiphase approaches in the literature
used for the modelling of cavitation.
As seen in Figure 2.3, multiphase models used for the cavitation simulation are
mainly divided into 3 groups such as, two-ﬂuid models, volume tracking methods usually
called as Volume-of-Fluids (VOF) and homogeneous equilibrium models (HEM), which
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Figure 2.3: Classiﬁcation of multiphase approaches
corresponds to perfectly mixture single ﬂuid model.
2.3.1 Two-Fluid Models
This model treats the liquid and gas phases separately and assumes that both phases
co-exist in every cell. The governing equations are solved for both phases and interactions
between the phases are modelled by correlating. Therefore, the model does not assume
the momentum equilibrium and can be used to predict different phase velocities. This
model can be categorized into two sub-groups: Eularian-Eularian approach and Eularian-
Lagrangian approach.
The Eularian-Eularian approach supposes that both liquid and gas phases are calcu-
lated in the Eularian frame as continuum phases. Yuan and Schnerr [50] used this approach
to simulate the strong interaction of cavitating nozzle ﬂow with the outside of jet formation.
They included three different phases such as; liquid, vapour formed by liquid and gas
which already exists inside of liquid. Therefore, three conservation equations are solved
for each phases.
Addition to this, Alajbegovic et al. [23] also studied a three-phase ﬂow in a swirl-
type of injector. They treated cavitation as single mixture with the consideration of
bubble dynamics and solved a set of conservation equations for each phase with k − ε
turbulence model. They validated model results with the experimental ﬁndings of steady-
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state cavitation occurring inside a small scale asymmetrical nozzle. The results showed
that model has ability to well predict the cavitation phenomena.
Battistoni and Grimaldi [51] examined the effects of the different fuels, i.e. a standard
diesel fuel and a pure bio-diesel using Eularian-Eularian approach with consideration of
bubble dynamics on moving grids from needle opening to closure. They used cylindrical
and conical types of ﬁve-hole nozzles, and discussed the different properties of two fuels.
They concluded that bio-diesel causes to signiﬁcantly higher mass ﬂow only if the nozzle
design induced large cavitation which extends up to the nozzle outlet section in the case of
high needle lift. On the contrary, if the needle lift is small, and the ﬂow is turbulent, diesel
fuel results in higher mass ﬂows due to lower frictions.
In the Eularian-Lagrangian approach, the liquid is considered as the carrier/continuum
phase in a Eularian frame of reference, whereas vapour bubbles are assumed as the
dispersed/discrete phase using a Lagrangian frame of reference by utilizing bubble parcels
to model the all of the vapour bubbles. In this approach, the force balance equation is
required for the dispersed phase, and another equation is needed to capture the change of
bubble size.
Giannidakis et. al [26] employed advanced Eularian-Lagrangian model in order
to simulate the cavitation for the automotive fuel injector real size nozzles. The model
also consisted of bubble-bubble interaction, bubble growth and collapse, bubble turbulent
dispersion and hydrodynamic breakup. The model was validated using real size six-hole
fuel injector nozzle. The results showed that the transient cavitation behaviour of the side
holes induces better atomization compared to center one.
Sou et. al [19] also used Eularian-Lagrangian approach by coupling with Large Eddy
Simulation (LES) and Rayleigh Plesset (RP) equation, and applied into one side rectangular
large scaled nozzle. This study is included in the framework of present thesis to model
the cavitation phenomena. Therefore, further information about mathematical equations
and ﬁndings are given in Chapter 5. The two-ﬂuid models are not widely preferred in
the CFD simulations of cavitation phenomena inside fuel injector nozzles due to its high
computational cost.
2.3.2 Volume-of-Fluids (VOF)
This method was originally proposed by by Hirt and Nichols [52] and mostly refers to
”volume tracking methods” in the literature. The model assumed that there is a clear and
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discontinuous interface between liquid and gas phases, and involved a transport equation
based on the liquid volume fraction as indicated below.
∂(αLρL)
∂t
+∇  (αLρLU) = 0 (2.1)
where U, αL and ρL show mixture velocity, volume fraction and density of liquid, respec-
tively. RHS of equation 2.1 zero refers to no mass transfer between phases.
The exact position of the interface is not known explicitly and therefore special
techniques needs to be applied to capture the well-deﬁned interface, and to avoid smearing
of the interface as a part of the solution algorithm. Therefore, a scheme called ”Compressive
Interface Capturing Scheme for Arbitrary Meshes” (CICSAM) developed by Ubbink [53]
is used in OpenFOAM® for treatment of the advection term in the transport equation. It
should be noted that original VOF method is used to simulate interaction between two
immiscible ﬂuids by tracking the interface in each computational mesh spread over the
domain.
The original framework of VOF includes the surface tension force term fσ inside
momentum equation, which is calculated per unit volume via Continuum Surface Force
(CSF) model in OpenFOAM® as shown below [54].
fσ = σκ∇αL (2.2)
where σ and κ show the surface tension coefﬁcient acting locally at the interface between
immiscible ﬂuids and the curvature, whereas ∇αL stands for the normal vector at the
interface. In the case of constant surface tension coefﬁcient σ, the force originating from
surface tension acts in the direction normal to the interface. Therefore, the curvature of the
interface can be deﬁned with respect to the divergence of the unit vector to the interface:
κ = −∇
( ∇αL
|∇αL|
)
(2.3)
It should be noted that ∇αL has a non-zero value only at the interface, indicating a local
character of the surface tension term.
The VOF method usually requires the resolution of all involved time and length
scales to accurately predict sharp the interface. This causes to have a very ﬁne mesh,
and therefore, very high computational cost. Hence, applications of this method to the
cavitating ﬂows in real nozzles are still limited [55–57].
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2.3.3 Homogeneous Equilibrium Model (HEM)
HEM model treats the cavitating multiphase ﬂows as a single ﬂuid assuming that
liquid and gas phases are perfectly mixed in a cell. Hence, only one set of conservation
equation for the single mixture phase is solved. The main assumptions for HEM model
can be deﬁned as follows:
• The relative velocity between the two phases is negligible compared with the high
average ﬂow velocity in the oriﬁce. Therefore, the ﬂuid consists of a mixture of
liquid and vapour as single ﬂuid. For this reason, this model is also called as ”single
ﬂuid” models in the literature.
• Both phases are assumed to be in thermodynamic equilibrium (The two-phase
ﬂow is isothermal), which means that inter-phase heat and mass transfer occur
instantaneously.
• Applying these assumptions, the phase change follows an isentropic path; hence the
energy equation can be neglected as well.
Ultimately, HEM models computationally cost less time and, therefore, it is widely
used in the numerical simulation of cavitation. The most difﬁcult part of this method
is to close up the governing equation set. There are various forms depending on how
the equation of state and pressure equation are formulated to close the system such as
barotropic equation of state and Mass Transfer models including bubble dynamics and
semi-analytical approaches.
2.4 Cavitation Models
In the numerical modelling of the cavitation inside injector nozzle, one of the impor-
tant parts is how to treat the cavitation. In other words, how to model the phase transition
among the phases as source term. In this section, models, which have been widely used in
the literature for cavitation modelling, are presented. Most of models are deﬁned under the
framework of HEM approach, and required an additional equation to close the system of
Navier-Stokes equation since the density is an additional parameter.
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2.4.1 Barotropic Model
Delannoy and Kueny [58] proposed a barotropic cavitation model, which is based
on the compressible homogeneous mixture approach to model growth and collapse of
cavitation. The model links to variation of the ﬂuid density ρ in the computational domain
respect to pressure variation i.e. ρ = ρ(P ). They ignored the viscosity effect (therefore
only solved Euler equation) and turbulence model was not considered. They applied model
into cavitation inside a Venturi using water and found that predicted detachment frequency
is different than experiment.
Schmidt et al. [18, 59] also used similar approach with the work of Delannoy and
Kueny. They proposed a 2-D transient model to simulate the nozzle ﬂows inside fuel injec-
tors with different geometric parameters. They also took into account the compressibility
of both liquid and vapour phases to improve the numerical stability. The sound speed
is presented respect to HEM model proposed by Wallis [60], which is also called linear
compressibility model in the literature. They found that inlet rounded nozzles leads to
produce a much thinner cavitation region compared to sharp edge nozzles.
A very similar model has been also implemented into OpenFOAM® [27] by Karrholm
et al. [61] and used by many researchers for the cavitation analysis [62–64]. However, this
model ignores the turbulence effects, which leads to fail to capture adequately cavitation
region and vortical structure. Further explanation about barotropic cavitation model used
in OpenFOAM® is given in Chapter 5 due to including inside framework of this thesis.
Additionally, Coutier et al. [65] further extended this model by taking into account
the viscous and turbulence effects. Other applications of barotropic model can be found in
the previous studies [66–69].
2.4.2 Mass Transport Models
Another more precise and applicable approach to model the cavitation in the frame-
work of HEM and to close the system is Mass Transfer Model (MTM). The MTM model
uses the governing equations for a perfect gas-liquid mixture often in combination with a
transport equation for liquid or gas volume fraction. A mass transfer model is required a
source term to evaluate the phase change between liquid and vapour as indicated in the
RHS of transport equation 2.4.
∂(αLρL)
∂t
+∇  (αLρLU) = Rc +Re (2.4)
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where Rc and Re display rate of mass transfer source terms for condensation and evapora-
tion, respectively.
As explained in the previous section 2.3.2, the standard VOF method is used for
capturing the sharp interfaces without phase transition between immiscible ﬂuids. This
means that in the equation 2.1, RHS is zero. In order to model the cavitation, the standard
VOF method needs to be extended to include the source term due to phase transition. In
the framework of present thesis, the source term introduced by Schnerr and Sauer [20] is
used.
2.4.2.1 Deﬁnition of Simpliﬁed VOF / Dispersed VOF
The simpliﬁed VOF model proposed by Schnerr and Sauer [20], which is also called
dispersed VOF, ignores the surface tension force and does not track the sharp interface
between phases. Instead of this, the motion of a certain ﬂuid volume through the computa-
tional domain is tracked and phase transition takes place among the phases.
Within the scope of the conventional VOF approach, the two-phase ﬂow is treated as
a homogeneous mixture and therefore only one set of equations is used for also simpliﬁed
VOF. Figure 2.4 shows the schematic sketch of the distribution of the vapour phase and its
difference between standard VOF and simpliﬁed VOF. In the case of simpliﬁed VOF, it is
assumed that the vapour bubbles are homogeneously distributed in the computational cell
during cavitation, and surface tension force term is ignored.
Figure 2.4: Transition from standard VOF application to simpliﬁed VOF [20]
Under the framework of simpliﬁed VOF model, the difference among the available
cavitation models originates from the different treatment of the source terms as indicated
in the RHS of the transport equation 2.4. The various cavitation models are introduced and
differences are elaborated in the following sections.
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2.4.2.2 Schnerr-Sauer Model [20]
This model is based on following assumptions:
• Cavitation phenomena are modelled based on the bubble dynamics, which stands for
the growth and collapse of the bubbles.
• The bubbles created by nuclei are assumed already to be existed in the liquid.
• The growth and collapse of the bubbles are depending on the pressure condition.
• The slip between the vapour bubbles and the liquid is ignored.
• From a numerical point of view, the cavitation model predicts the bubble growth,
bubble collapse and convection of the vapour phase.
• Non-condensable gas is not taken into account.
In this model, the volume fraction of the vapour αG is given by
αV = 1− αL =
4
3
πR3bn0
1 + 4
3
πR3bn0
(2.5)
where Rb and n0 denote bubble radius and bubble nuclei number density (the number of
nuclei per unit volume), respectively. Rb is represented in terms of n0 as:
Rb =
[(
3αV
4π(1− αV )n0
)]1/3
(2.6)
According to Schnerr and Sauer model, bubble growth and collapse are calculated by using
Rayleigh (R) equation [70],
dRb
dt
= sgn(PV − PL)
√
2 |PV − PL|
3ρL
(2.7)
where PL is the local pressure. Finally, mass transfer rates are given as
Re = −Cv 3ρLρV
ρm
αL(1− αL)
Rb
sgn(PV − PL)
√
2 |PV − PL|
3ρL
, PL < PV
Rc = Cc
3ρLρV
ρm
αL(1− αL)
Rb
sgn(PV − PL)
√
2 |PL − PV |
3ρL
, PV < PL
(2.8)
where Cc and Cv are the rate constants for condensation and vaporization, respectively.
This model has been already implemented into OpenFOAM® and widely used in the
previous studies [57,71–76]. This model is also included and applied inside the framework
of present thesis.
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2.4.2.3 Kunz Model [22]
Kunz et al. proposed a cavitation model based on the liquid volume fraction αL by
similar sink and source terms, which indicated the mass transfer between liquid and vapour
phases with empirical constants. This approach was a semi-analytical model and based on
the conservation of mass-momentum around the cavity interface.
The evaporation and condensation source terms in the RHS of the transport equation
2.4 were given in this model as follows.
Re = Cv
αLρVmin[0, PL − PV ]
t∞(0.5ρLU2∞)
, PL < PV
Rc = Cc
(1− αL)α2ρV
t∞
, PV < PL
(2.9)
U∞ and t∞ show the mean stream velocity and mean ﬂow time scale, respectively. t∞ is
computed as L/U∞ where L displays the characteristics length scale (which is taken to be
the nozzle length in this thesis).
They set the empirical constants Cv and CL both to be 100. The k − ε turbulence
model was utilised to represent the effect of turbulence with wall functions in their study.
They found that the model has a good agreement regarding to pressure results of the
hemispherical head form with the experimental data taken for both 2-D and 3-D cases.
They also informed that model is less successful to predict the cone and blunt fore-
body head forms because of single phase turbulence modelling. The main shortcoming of
this model is to tune the constant parameters subject to the cavitation application. This
model is also used under the framework of this thesis and results are presented in the
Chapter 5.
2.4.2.4 Merkle Model [25]
Merkle et al. also developed a similar pressure-based approach with Kunz’s model
[22] for the evaporation and condensation rates in order to take into account the mass
transfer among the two phases. The general form of the source terms for this cavitation
model are given as
Re = Cdest
αLρLmin[0, PL < PV ]
t∞ρV (0.5ρLU2∞)
, PL < PV
Rc = Cprod
(1− αL)max[0, PL < PV ]
t∞(0.5ρLU2∞)
,PV < PL
(2.10)
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where Cdest and Cprod indicate the empirical constants, which were set to be Cdest = 1 and
Cprod = 80 in their study. As a physical explanation of equation 2.10, only the liquid phase
can make contribution to vaporization, therefore, only αL term is seen. This model has
been also implemented into OpenFOAM® free software for the cavitation simulation.
2.4.2.5 Singhal Full Cavitation Model [21]
The another approach for the cavitation simulation based on the bubble dynamics was
presented by Singhal et al.. They included the formation and transportation of the bubbles
and the ﬂuctuations of the pressure and velocity.
They additionally took into account the non-condensation gases, which were dissolved
and presented in the liquid. In this model, the liquid density is depended of the mass
fraction f and the relation is represented by
1
ρL
=
f
ρV
+
1− f
ρL
(2.11)
and the vapour volume fraction αV is given
αV = f
ρL
ρV
(2.12)
The ﬁnal form of model includes a mixture of liquid, vapour and non-condensable gas
given by
1
ρL
=
fV
ρV
+
fG
ρG
+
1− fV − fG
ρL
(2.13)
where ρG shows the non-condensable gas density and it is calculated as:
αL = fG
ρL
ρG
(2.14)
liquid volume fraction αL is calculated as
αV = 1− αV − αG (2.15)
The general form of the source terms for this cavitation model are given in terms of vapour
mass fraction fV
Re = Ce
√
k
σ
ρLρV
[
2[PV − PL]
ρL
]0.5
− (1− fV − fG) , PL < PV
Rc = Cc
√
k
σ
ρLρV
[
2[PL − PV ]
ρL
]0.5
fV ,PV < PL
(2.16)
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where k and σ stand for turbulent kinetic energy and surface tension, whereas Ce and Cc
are model constants, which were set to be 0.02 and 0.01, respectively.
They used the standard Navier-Stokes equations with k − ε turbulence model. They
considered constant density for both vapour and liquid phases. Model was validated using
a NACA66 (MOD) hydrofoil, a submerged cylindrical body, and a ﬂow in a sharp-edged
nozzle. This model has been also widely used in other previous studies [77–79].
2.4.2.6 Zwart Model [24]
Zwart et al. proposed a cavitation model based on the bubble dynamics to predict the
total mass transfer rates. They ignored the non-condensable gas and used same R equation
to calculate the bubble growth and collapse as indicated in equation 2.7. The general form
of the source terms for this cavitation model are given
Re = Fvap
3αnuc(1− αV )ρV
Rb
√
2 |PL − PV |
3ρL
, PL < PV
Rc = Fcon
3n0ρV
Rb
√
2 |PL − PV |
3ρL
, PV < PL
(2.17)
where Fvap and Fcon show the constant model parameters, which were set to be 50 and
0.01, whereas Rb was taken as 1 μm. αnuc is the nucleation site volume fraction, which
was set to be 5x10−4.
They validated their model using ﬂow around a hydrofoil with cavitation induced at
both the leading edge and mid-chord, and they predicted good results.
2.4.3 Other Cavitation Models
The cavitation models, which have been widely used in the literature, are explained
by now. Addition to this, a brief survey about other proposed cavitation models is given in
this section.
One of the earliest cavitation model related to the density evolution to the motion
of the bubbles was proposed by Kubota et al. [80]. Constant bubble number density was
considered and their model was governed by Rayleigh Plesset (RP) equation subject to
pressure ﬁeld. This model is also termed ”Bubble Two-Phase Flow” (BTF) in literature.
They presumed that ﬂow is compressible and viscous whose density changed for cavitation
analysis. This model has been used for the prediction of the cavitation around of hydrofoils.
Finally, it was reported that this model is appropriate for the applications of large scale,
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low Mach number ﬂows, whereas it is not desirable for small scale, high Mach number
ﬂows in fuel injector nozzles.
Kato et al. [81] suggested a cavitation model by taking into account both inertial
and thermal effects to predict the growth of cavitation bubbles. To validate the model,
cavitation of cold liquids where the inertial forces are dominated, and boiling, where the
thermal effects are dominant, were chosen. However, they found non-physical results in the
application of the model into fuel injector nozzle that predicted bubble growth exceeded
the radius of nozzle.
Chen et al. [82] proposed a pressure based cavitation model, which is based on HEM
mixture assumption. They ignored the turbulence model in their model and validated
model using the external ﬂows around axisymetric head forms, as well as using the internal
ﬂow in sharp edge nozzle. They obtained a good prediction in the case of external ﬂow
simulation in terms of cavitation region and pressure distributions. For the ﬂow nozzle
application, the model showed a strong Reynolds (Re) number effect, which causes to
unsteady, periodic shedding of cavitation at high Re number.
Senocak and Shyy [83] presented a cavitation model, which represented changes in
density using a pressure-based approach with a transport equation. They also revised the
SIMPLE algorithm to solve the pressure velocity coupling for the turbulent cavitating
ﬂow. They used k − ε turbulence model with wall functions and applied the model over a
cylindrical object and an air foil. They were able to capture good prediction that matched
with experimental results.
More recently, Srinivasan et al. [84] proposed another pressure-based methodology
using HEM approach in order to simulate unsteady viscous cavitating ﬂows.
Compressibility effect is also taken into account and single ﬂuid Navier-Stokes equa-
tions are solved in the model. They further improved this study for the multi-dimensional
incompressible ﬂows, and presented a wise model which consisted a novel cavitation
induced momentum defect term in the liquid phase momentum equation [85]. They
obtained good results which are consistent with the experiments for unsteady cavitation,
even though its application to nozzle ﬂows is limited.
2.5 Turbulence Modelling
Since the cavitation ﬂows are turbulent, effects of the turbulence are needed to take
into account to accurately model the cavitation phenomena inside fuel injector nozzles.
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Turbulence models can be mainly classiﬁed into three groups:
• Reynolds Averaged Navier-Stokes (RANS)
• Large Eddy Simulations (LES)
• Direct Numerical Simulations (DNS)
The RANS models apply a Reynolds decomposition technique to the Navier Stokes
equations which are time averaged by breaking the velocity down into its mean and
ﬂuctuating components. Therefore, main focus is given on the mean ﬂow and the mean
ﬂow properties in these models. Since the RANS models requires reasonable CPU time
and provides the mean ﬂow prediction, they are widely used in the engineering applications
over the last decades.
LES models resolve large scales energy-containing eddies since the momentum, mass,
energy and other scalar parameters are affected mostly by large eddies, while the inﬂuence
on the resolved ﬂow, i.e., mean ﬂow and large eddies, because of smallest and unresolved
eddies are modelled by a sub-grid scale model (SGS). Therefore, LES simulations need
much more ﬁne mesh, storage and CPU time compared to RANS simulations. Although
these disadvantages, the success of the LES approach in capturing the details of small-scale
ﬂow structures in cavitating ﬂows and its important role on the cavitation prediction were
demonstrated in many previous studies [57, 75, 86–88].
DNS models include resolving the mean ﬂow and all turbulent ﬂuctuations in the
turbulent ﬂow. Therefore, Navier-Stokes equations are solved on the sufﬁciently ﬁne grid
and they require much more storage and CPU time compared to RANS and LES models.
Hence, applications of these models are limited for the industrial ﬂow computations.
2.6 Summary
In this chapter, a detailed literature survey about cavitation experimental efforts
including both large scaled and real size nozzles, and various numerical models for the
prediction of the cavitation is presented.
Although, lots of signiﬁcant information have been obtained from experimental data,
there is still confusion and difﬁculties to predict the pattern of the two mixture phase with
turbulence, especially inside real size of fuel injector nozzles. One of the important result
obtained from the scaled-up nozzle experiments is that cavitation cannot be scaled up
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with regard to nozzle geometry since it has its own length scale in terms of ﬂow ﬁeld.
Nevertheless, observation in experiments with real size nozzles has difﬁculties due to the
reasons which were enumerated on page 5.
On the other hand, it was found that there is an intimate relation between cavitation
and turbulence since the nozzle ﬂow is observed highly transient in both scaled-up and
actual size nozzles. Previous experimental studies also showed that nozzle geometry,
operating conditions and needle position will specify the pattern of the cavitation inside
nozzle. It was found that cavitation also can enhance the spray atomization and increase
the spray angle.
Experimental studies are so important to provide a useful data for the test and valida-
tion of the numerical cavitation models. Therefore, experimental studies need to be carried
out quantitatively and qualitatively accurate as much as possible.
With the development of the high performance computers, numerical analysis started
to increase and extend. Several advantages, i.e. low cost, speed, detailed information
capability in realistic and ideal conditions make the numerical simulation and analysis
more attractive with respect to experimental investigations. Therefore, various numerical
cavitation models have been proposed in the literature to predict the cavitation phenomena
inside fuel injector nozzles, and its effect on the spray atomization.
As discussed before, cavitation is multiphase phenomena (at least two phases, i.e.
liquid and gas phases are considered within present thesis) with phase change. Although,
most of cavitation models have been used and applied without taking into account the
effect of the turbulence modelling, the experimental studies showed that nozzle ﬂow is
highly turbulent, and therefore the turbulence effect should be taken into account for more
accurate prediction. Therefore, following three points should be carefully speciﬁed in
order to simulate cavitation accurately.
1. Two phase treatment of the liquid and gas phases
2. Phase change modelling among the phases (as explained in section 2.4, lots of
approaches have been proposed to model the source terms)
3. Proper turbulence modelling
As a result, a cavitation model should comprise of a combination of the three different
models. Table 2.1 shows the summary of the all the combinations of the models, which are
conducted and used inside the framework of present thesis.
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Table 2.1: Summary of the combined models used within thesis
Multiphase
Modelling
Cavitation
Modelling
Bubble
Dynamics
Turbulence
Model
CFD Tool
1. HEM Barotropic - RNG k −  OpenFOAM
2.
Simpliﬁed
VOF
Kunz - RNG k −  OpenFOAM
3.
Two-Fluids
(E-L)
- RP LES In-house code
4.
Simpliﬁed
VOF
Schnerr-Sauer MR RNG k −  OpenFOAM
5.
Simpliﬁed
VOF
Schnerr-Sauer R RNG k −  OpenFOAM
6.
Simpliﬁed
VOF
Schnerr-Sauer MR k − ω SST OpenFOAM
7.
Simpliﬁed
VOF
Schnerr-Sauer MR LES OpenFOAM
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Bubble Dynamics Methodology and
New Bubble Dynamics Model
3.1 Introduction
This Chapter presents intensive details about the applicability of the existing bubble
dynamics models, i.e., the Rayleigh-Plesset (RP) equation and simpliﬁed RP equation,
which is also called Rayleigh (R) equation, to the prediction of the growth and collapse of
cavitation bubbles in a diesel fuel injector nozzle. In addition to that a Modiﬁed Rayleigh
(MR) equation taking into account the critical pressure Pc is proposed to overcome the
drawbacks of the former models. This study includes one of the originality of the present
thesis and already published in the international journal of Atomization and Spray [89].
Many researchers have studied the behaviour of bubbles under a wide range of
conditions. The ﬁrst analysis of cavitation based on bubble dynamics was made by
Rayleigh [70]. He simpliﬁed the behaviour of a single bubble in a liquid by spherical
symmetry assumption. This simple work was further improved by Plesset et al. and
he derived the RP equation, which takes into account the viscous and surface tension
effects [90]. Kubota et al. [80] and Chen and Heister [82] coupled the RP equation to
the computational ﬂuid dynamics (CFD) solver and calculated void fraction in injector
nozzles. Although, the RP equation gives one of the good estimations for spherical bubble
dynamics, which ignores the bubble–bubble interaction, bubble–wall interaction, bubble
deformation, coalescence, and breakup, it requires a tiny time step for good predictions
and, therefore, a long computational time.
A simpliﬁed form of RP equation, which ignores the viscous, surface tension, non-
condensable gas and high-order terms, and it is called Rayleigh (R) equation in the
followings, has been widely used in the numerical simulations of cavitation ﬂows to
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calculate the bubble growth and collapse. The model enables a robust and quick calculation
with a large time step [20,21,23,24,91]. However, R equation may overestimate the bubble
radius when pressure around a bubble lies below the vapour saturation pressure and above
the critical pressure, and it gives wrong prediction for the bubble collapse speed. Therefore,
MR equation based on critical pressure PC is proposed to satisfy:
• low computational cost by using a large time step,
• voiding a large numerical error using large time steps,
• good estimations of the growth and collapse rates of cavitation bubbles under various
pressure conditions.
Since there are few experimental data available on cavitation bubble dynamics, we
treated the calculated results by RP equation as the goal for the other bubble dynamics
models, whose validity is conﬁrmed by a comparison between calculated and measured
single bubble. To examine the applicability of the bubble dynamics models, a large number
of calculations have been conducted under wide range of pressure conditions with various
time steps. We simulated the radius of spherical cavitation bubbles in water injected at
low injection pressure, and that in diesel oil injected at high injection pressure. It should
be noted that the effects of turbulent ﬂow ﬁeld, liquid compressibility, temperature ﬁeld,
bubble coalescence and breakup are ignored.
3.2 Formulation of Bubble Dynamics
The radius of a spherical bubble Rb in an inﬁnite immobile liquid is calculated by
Rayleigh-Plesset (RP) equation [90]:
Rb
d2Rb
dt2
+
3
2
(
dRb
dt
)2
=
1
ρL
(
Pb − PL − 4μL
Rb
dRb
dt
− 2σ
Rb
)
(3.1)
where Rb, ρL, μL and σ denote bubble radii, the liquid density, liquid viscosity and the
surface tension, respectively. The subscripts L and b represent the liquid and the bubble,
in turn. When a liquid containing dissolved gases is submitted to a low pressure, the
bubbles are formed [92]. These micro bubbles consist of vapour and non-condensable
gases (e.g. oxygen or nitrogen). Figure 3.1 shows a bubble in a liquid in the equilib-
rium condition. The pressure in a bubble Pb is the sum of the partial pressure PG of
non-condensable gases in a bubble and the vapour saturation pressure PV , which is higher
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 3. Bubble Dynamics Methodology and New Bubble Dynamics Model 31
than the pressure of the surrounding liquid PL by the effect of surface tension:
Pb = PG + PV = PL +
2σ
Rb
(3.2)
This equation indicates that the thermodynamically equilibrium is assumed at the
micro-bubble interface, and the total pressure inside the micro-bubble Pb is always larger
than the surrounding pressure PL because of the surface tension.
Figure 3.1: Equilibrium condition of a bubble in a liquid
The non-condensable gas pressure PG is often calculated by considering an isothermal
process during the bubble expansion and an adiabatic process for the bubble shrinkage.
Initial non-condensable gas pressure PG0 can be re-written as follow
PG0 = PL0 +
2σ
R0
− PV (3.3)
where subscript 0 denotes the initial condition. The pressure and the volume of the gas
satisfy the following equations:
P |V |γ = constant (3.4)
PG0
(
4
3
πR30
)γ
= PG
(
4
3
πR3b
)γ
(3.5)
PG = PG0
(
R0
Rb
)3γ
=
(
PL0 +
2σ
Rb
− PV
)(
R0
Rb
)3γ
(3.6)
The constant γ is given to be 1 for the isothermal bubble expansion (dRb/dt > 0), which
leads to
PG = PG0
(
R0
Rb
)3
(3.7)
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whereas γ is set to be γ = κ(= 1.4) for the adiabatic bubble shrinkage process (dRb/dt <
0), which results in
PG = PG0
(
R0
Rb
)3κ
(3.8)
Final form of RP equation can be given as follows
ρL
[
Rb
d2Rb
dt2
+
3
2
(
dRb
dt
)2]
= (PV − PL) + PG0
(
R0
Rb
)3γ
− 4μL
Rb
dRb
dt
− 2σ
Rb
(3.9)
R equation is derived by ignoring the high order derivative term, viscous term, surface
tension term and the non-condensable gas pressure in RP equation, and given by:
dRb
dt
= sgn(PV − PL)
√
2 |PV − PL|
3ρL
(3.10)
R equation is a simpliﬁed form of the RP equation and has been widely used in the
numerical simulations of cavitation ﬂows in diesel injector nozzles due to its simplicity
and low computational cost as explained in Chapter 3.1. However, it overestimates bubble
radius when pressure lies between the PV and PC .
In order to avoid this overestimation while keeping a large time step, a Modiﬁed
Rayleigh (MR) equation based on the PC is proposed as follows:
dRb
dt
=
⎧⎪⎨
⎪⎩sgn(PC − PL)
√
2 |PV − PL|
3ρL
, if PL < PC (3.11a)
0, if PC < PL < PV (3.11b)
Deﬁnition of the critical pressure PC is given in the next section.
3.2.1 Critical Pressure
If the liquid pressure PL around a bubble falls below the following pressure threshold,
the bubble will start to grow explosively. The pressure threshold is called as critical
pressure PC and demonstrated by [92]
PC = PV − 4σ
3RC
(3.12)
where RC is the critical bubble radius and calculated by
RC = R0
√[
3
(
Pinj − PV
2σ
R0 + 1
)]
(3.13)
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where Pinj denotes the injection pressure. As seen in equation 3.13, the critical pressure
PC depends on the Pinj and the initial radius R0 of the bubble nuclei. The relationship
between PC and initial nuclei diameter D0 = (2R0) is illustrated in Figure 3.2 for a water
case with low injection pressure of Pinj=0.46 MPa. Noted that the nuclei does not grow at
or slightly below PV but start to grow when PL < PC . The liquid pressure PL around an
explosively expanding cavity is almost as high as PV [7, 93].
Figure 3.2: Critical pressure PC variation subject to initial bubble diameter D0
3.3 Statement of the Problem
In this study, calculations are performed under the following assumptions:
• Bubbles are spherical.
• Liquid compressibility is negligible.
• The pressure inside of the bubble is uniform.
• The gravity and diffusion effects are negligible.
• The vapour and non-condensable gas are the perfect gas.
• The temperatures of the vapour and non-condensable gas are the same.
• The physical properties of gases and liquid are constant
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As depicted in Figure 3.3, cavitation bubbles grow in the low-pressure region of the
separated boundary layer and the core of vortices [94]. In this study, PL is assumed to
be as high as Pinj in the upstream of the nozzle and decreases in the separated boundary
layer (or in other words inside recirculation zone) to minimum pressure Pmin. When
the bubble diameter reaches the maximum diameter Dmax, we let the PL recover to the
equilibrium pressure Pequ, which is calculated by equation 3.2. Finally, PL recovers to the
back pressure Pback [95].
Figure 3.3: Calculated pressure distribution in a nozzle at low injection pressure [94]
In order to simply examine the bubble growth and collapse in the separated boundary
layer, two different calculations, i.e. low pressure region when Pmin < PC and intermediate
pressure region when PC < Pmin < PV , are carried out. Figure 3.4 shows the settings for
water and diesel oil cases at given Pinj and time step Δt.
The case of water injection is carried out in a large scale of nozzle with low Pinj ,
whereas the case of diesel oil in a tiny nozzle and with high Pinj . Note that we do not
solve pressure and velocity ﬁelds but simply varied liquid pressure PL. The maximum
bubble diameter Dmax, which corresponds to the diameter of the separated boundary layer,
is set to be 200, 500 and 1000 μm for the water injection case [95], while it ias set to be
10, 30 and 50 μm for the diesel oil case [96]. When the bubble diameter reached Dmax,
the equilibrium condition is assumed to determine the PL with respect to equation 3.2.
Three bubble dynamics models such as RP, R and MR equations, are tested under a
wide range of calculation conditions as summarized in Table 3.1. Initial bubble diameters
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Figure 3.4: Pressure settings for the cases of (a) water and (b) diesel oil injections
D0 are determined based on PC and Pmin using equation 3.13.
Table 3.1: Calculation conditions for water and diesel oil cases
Low-Pressure Water High-Pressure Diesel Oil
Injection pressure,
Pinj
460 kPa (0–0.1ms) 180 MPa (0–1μs)
Minimum pressure, Pmin
(low and intermediate)
-100, 0 kPa -150, 0 MPa
Back pressure,
Pback
101500 kPa (0.5  ms) 17 MPa (0.5  μs)
Initial bubble diameter,
D0
1 μm, 10 μm 0.001 μm, 0.01 μm
Critical pressure, PC
-1039 kPa
(for D0 = 0.1μm)
-68 kPa
(for D0 = 1μm)
-0.44 kPa
(for D0 = 10μm)
-24 MPa
(for D0 = 0.001μm)
-0.94 MPa
(for D0 = 0.01μm)
Vapour saturation pressure,
PV at 200C
2.3 kPa 400 kPa
Maximum bubble
diameter,
Dmax
200, 500, 1000 μm 10, 30, 50 μm
Density of liquid,
ρL
998 kg/m3 830 kg/m3
Time step,
Δt
10−10 ∼ 10−6s 10−14 ∼ 10−8s
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3.4 Numerical Setup
In this study, bubble radius Rb is calculated by simply solving some equations of
bubble dynamics under the given pressure conditions. First and second order terms in the
equations are discretised as follows:
.
Rb =
dRb
dt
=
Rb(t)−Rb(t−Δt)
Δt
=
Rnb −Rn−1b
Δt
(3.14)
..
Rb =
d2Rb
dt2
=
Rb(t+Δt)− 2Rb(t) +Rb(t−Δt)
Δt2
=
Rn+1b − 2Rnb +Rn−1b
Δt2
(3.15)
where Δt and superscript n show time step and time step number, respectively. The bubble
radius at the new time step, which is derived by equation 3.15 and substituted into RP
equation 3.1, is determined as follow:
Rn+1b = 2R
n
b −Rn−1b −
3
2Rnb
(Rnb −Rn−1b )
+
Δt2
ρLRnb
[
PB − PL − 4μ
Rnb
(
Rnb −Rn−1b
Δt2
)
− 2σ
Rnb
]
(3.16)
The radius at new time step Rn+1b is calculated for R and MR equations,
Rn+1b =
[
sgn(PV − PL)
√
2|(PV − PL|
3ρL
]
Δt+Rnb (3.17)
Rn+1b =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
sgn(PC − PL)
√
2 |PV − PL|
3ρL
Δt+Rnb if PL < PC
0 if PC ≤ PL ≤ PV
sgn(PC − PL)
√
1.27
2 |PV − PL|
3ρL
Δt+Rnb if PV < PL
(3.18)
respectively. Note that the growth rate coefﬁcient 2/3 for PL < PC is modiﬁed to 1.27 for
the collapse rate coefﬁcient when PV < PL, which will be described at the end of this
chapter.
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3.5 Numerical Results and Discussion
3.5.1 Validation of RP Equation
We treated the calculated bubble dynamics using the RP equation as the goal for
the other bubble dynamics models. Therefore, we ﬁrst examined the validity of the RP
equation results through the comparison of measured bubble radius in this section.
Since cavitation bubbles in injector nozzles are formed due to local pressure drop,
there is no experiment on bubble size and local pressure. There are a few experimental
data available on the time histories of pressure and the radius of bubbles induced by
laser [12, 97, 98]. Since the bubble grows not by pressure decrease but by a focused short
laser pulse in these experiments, we cannot calculate bubble motion by the R and MR
equations.
Figure 3.5: Bubble radius measured by Lauterborn and Ohl [12] and calculated by RP
equation
We used the experimental data of Lauterborn and Ohl [12] for the validation of the
bubble radii calculated by RP equation. For the experimental case, initial radiusR0, PL and
non-condensable gas pressure Pg were given 0.4 mm, 100 kPa and 100 kPa, respectively.
Figure 3.5 displays the comparison of measured and calculated bubble radius by the
RP equation. The RP equation gives a good prediction for the growth and collapse of
the bubble, which conﬁrms its validity. Further information about the validity of the RP
equation can be found in some previous studies [99–101].
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3.5.2 Results for Low-Pressure Cases
In this section, bubble radius Rb ias calculated for the water and diesel cases through
the low-pressure region where PL is lower than PC . Table 3.2 shows the calculation
conditions for the low-pressure cases. The minimum pressure Pmin is set to be -100 kPa
and -150 kPa, which are lower than PC , for water and diesel oil cases, respectively.
Figures 3.6 - 3.9 show calculated bubble diameters using three bubble dynamics
models in the case of low minimum pressure for water and diesel oil. The results indicate
that a bubble expands drastically as liquid pressure PL around the bubble drops below the
PC , and then collapse process starts with the recovering of PL.
The RP equation gives a good prediction for the bubble radius R when time step Δt
is small enough. However, the RP equation gives a large error in the cases of larger time
steps (e.g. Δt = 10−6s for water cases and Δt = 10−12 ∼ 10−10s for diesel oil cases). As
seen in Figures 3.6 - 3.9, the R and MR equations give good predictions for the calculated
bubble diameter during bubble expansion even with a large Δt.
Table 3.2: Calculation conditions for low minimum pressure cases
Water Diesel Oil
Injection pressure, Pinj 460 kPa (0–0.1ms) 180 MPa (0–1μs)
Minimum pressure, Pmin -100 kPa (0.1 ms -) -150 MPa (1μs)
Initial bubble diameter, D0 1 μm, 10 μm 0.001 μm, 0.01 μm
Critical pressure, PC
-68 kPa
(for D0 = 1μm)
-0.44 kPa
(for D0 = 10μm)
-24 MPa
(for D0 = 0.001μm)
-0.94 MPa
(for D0 = 0.01μm)
Maximum bubble
diameter,Dmax
500 μm 30 μm
Time step, Δt 10−10 ∼ 10−6s 10−14 ∼ 10−8s
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Figure 3.6: Calculated bubble diameter for water injection at low injection pressure
(Pmin = −100kPa,D0 = 1μm,PC = −68kPa)
Figure 3.7: Calculated bubble diameter for water injection at low injection pressure
(Pmin = −100kPa,D0 = 10μm,PC = −0.44kPa)
Figure 3.8: Calculated bubble diameter for diesel oil injection at high injection pressure
(Pmin = −150MPa,D0 = 0.001μm,PC = −24MPa)
Figure 3.9: Calculated bubble diameter for diesel oil injection at high injection pressure
(Pmin = −150MPa,D0 = 0.01μm,PC = −0.94MPa)
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3.5.3 Results for Intermediate Pressure Cases
Table 3.3 shows the calculation conditions of the intermediate minimum pressure.
Pmin is set to be zero, which is higher than the PC (PC < Pmin). Since the minimum
pressure lies between the vapour pressure and the critical pressure (PC < Pmin < PV ), it
is expected that the bubble growth will not be observed.
Table 3.3: Calculation conditions for intermediate pressure cases
Water Diesel Oil
Injection pressure, Pinj 460 kPa (0–0.1ms) 180 MPa (0–1μs)
Minimum pressure, Pmin 0 0
Initial bubble diameter, D0 1 μm 0.001 μm
Critical pressure, PC -68 kPa -24 MPa
Maximum bubble
diameter,Dmax
500 μm 30 μm
Time step, Δt 10−10 ∼ 10−6s 10−14 ∼ 10−8s
Figure 3.10 and 3.11 show the calculated bubble diameter using three bubble dynamics
models for water and diesel oil cases, respectively.
Figure 3.10: Calculated bubble diameter for water injection at low injection pressure
(Pmin = 0, D0 = 1μm,PC = −68kPa)
Figure 3.11: Calculated bubble diameter for diesel oil injection at high injection pressure
(Pmin = 0, D0 = 0.001μm,PC = −24MPa)
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As seen in the results, R equation gives a large overestimation in bubble diameter,
while the RP equation gives error only with small Δt and the MR equation give reasonable
predictions for all Δt.
The results shown between Figures 3.6 - 3.11 are summarized in Table 3.4 according
to different time steps.
Table 3.4: Summary of the calculations
3.5.4 Bubble Growth and Collapse Rates
In order to quantitatively evaluate the accuracy of the bubble dynamics models,
comparisons of the mean growth and collapse rates dDb/dt of a bubble are performed
among the RP, R, and MR models. The mean growth and collapse rates are calculated
according to
dDb
dt
=
Dmax −D0
δt
(3.19)
dDb
dt
=
Dfinal −Dmax
δt
(3.20)
where Dmax, D0, Dfinal and δt are the maximum, initial and ﬁnal diameters of bubble and
duration, respectively. The deﬁnitions of the mean growth and collapse rates are illustrated
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schematically in Figure 3.12.
Figure 3.12: Deﬁnitions of the mean growth and collapse rates of a bubble
Figure 3.13(a) and 3.13(b) show calculated mean growth rates dDb/dt of a bubble
for water at low Pinj (D0 = 1μm, PC = −68kPa) and diesel oil at high Pinj (D0 =
0.001μm,PC = −24MPa), respectively. As obtained, the R and MR equations give
almost the same mean growth rates with the RP equation when Pmin < PC , whereas the R
equation overestimates the mean growth rate and MR equation gives good prediction when
PC < Pmin < PV .
Figure 3.13: Mean growth rates for the cases of (a) water and (b) diesel oil injections
Some of the previous studies stated that the prediction of the cavitation bubbles while
collapsing is difﬁcult due to its extremely high speed collapse [92,102,103]. Figure 3.14(a)
and 3.14(b) indicate the mean collapse rate dDb/dt for water at low injection pressure
Pinj (D0 = 1μm, PC = −68kPa) and diesel oil at high injection pressure Pinj (D0 =
0.001μm, PC = −24MPa), respectively. As seen in the results, the MR and R equations
overestimate dDb/dt during the the collapse process. This overestimation also can be
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seen in Figure 3.15, which displays differences in bubble diameter calculated by RP, MR
and R equations for water (D0 = 1μm,Pmin = −100kPa,Δt = 10−10s) and diesel oil
(D0 = 0.001μm,Pmin = −150MPa,Δt = 10−13s), respectively.
Figure 3.14: Mean collapse rates for the cases of (a) water and (b) diesel oil injections
Figure 3.15: Growth and collapse rates for (a) water and (b) diesel oil injections
Difference in calculated collapse rates dDb/dt by RP equation and other models is
clearly illustrated in Figure 3.16 with various Dmax (=200, 500 and 1000 μm). Addition to
this, effect of the surface tension into collapse rate is calculated using following equation:
dRb
dt
= sgn
(
PC − PL − 2σ
Rb
)√
2
3ρL
∣∣∣∣PC − PL − 2σRb
∣∣∣∣ (3.21)
where σ is the surface tension. Figure 3.17(a) and 3.17(b) show the effect of the surface
tension on collapse rate dDb/dt calculated with three models for water and diesel oil cases.
As obtained, the surface tension term does not affect collapse rate since the pressure term
is more dominant than surface tension in equation 3.21. Therefore, its effect is ignorable.
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Figure 3.16: Collapse rates of a bubble
Finally, in order to estimate the collapse rate of the bubble properly, as does the RP
equation, we propose following equation for collapse (dRb/dt < 0) as well.
dRb
dt
= sgn(PC − PL)
√(
1.27
|PV − PL|
ρL
)
(3.22)
Figure 3.17: Effect of surface tension on collapse rate for (a) water and (b) diesel oil cases
Figure 3.18(a) and 3.18(b) display the mean collapse rate for water and diesel
oil, where D0 = 0.001μm,PC = −24kPa,Dmax = 30μm and D0 = 1μm,PC =
−68kPa,Dmax = 500μm, respectively. These results indicate that the MR equation with
modiﬁed coefﬁcient for collapse gives good predictions for the mean collapse rate.
Figure 3.19 shows the results of collapse rate calculated by RP and MR equations
with the modiﬁed coefﬁcient for the diesel oil case with different Dmax 10 and 50 μm. As
seen in this results, MR results agree well with RP equation with a small error.
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Figure 3.18: Collapse rate with modiﬁed coefﬁcient for (a) water and (b) diesel oil cases
Figure 3.19: Collapse rate of diesel oil case at various recover pressure for (a) Dmax =
10μm and (b) Dmax = 50μm
Figure 3.20: Collapse rates calculated by RP and MR (with modiﬁed coefﬁcient)
Figure 3.20 shows time histories of collapse rate calculated by RP equation and
MR equation (with modiﬁed coefﬁcient) for water case with different Dmax, such as 200,
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500 and 1000 μm. The results indicate that MR model is able to give good prediction
when compared with RP equation. It should be noted that RP gives non-linear collapse
distribution while MR with the modiﬁed coefﬁcient predicts linear collapse.
As a result, the general form of MR equation for bubble growth and collapse can be
summarized as follows:
dRb
dt
= sgn(PC − PL)
√
c
∣∣∣∣PV − PLρL
∣∣∣∣ (3.23)
where
c =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
2/3 , if PL < PC ,
0 , if PC ≤ PL ≤ PV ,
1.27 , if PV < PL.
(3.24)
3.6 Summary
In this section, the applicability of various bubble dynamics models to predict the
growth and collapse of cavitation bubbles in fuel injectors were examined under various
pressure conditions for water and diesel oil cases. A modiﬁed Rayleigh (MR) equation
based on the critical pressure is proposed and its validity is examined through RP equation.
The important result can be summarized as follows:
• The Rayleigh–Plesset (RP) equation gives a good prediction for the radius of a
spherical bubble without bubble–bubble interaction, bubble–wall interaction, bubble
deformation, coalescence, and breakup, only when the time step Δt is enough small.
• When the pressure PL around of bubble is lower than the critical pressure PC
(PL < PC), R and MR equations give identical results with a large Δt for the
estimation of the bubble growth as provided by RP equation. However, when PL
lies between PC and PV (PC < PL < PV ), the R equation overestimates the bubble
growth rate, where MR equation gives a good prediction for the bubble diameter at a
wide range of pressure with a large time step Δt.
• The R equation is also not valid in the case of bubble collapse since its predictions
always tend to overestimate, whereas the MR equation gives a small error in bubble
collapse rate, which was reduced by modifying the collapse rate coefﬁcient.
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• Another ﬁnding of this study is that the effects of surface tension and non-condensable
gases on cavitation in fuel injectors are negligible.
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Chapter 4
Experimental Equipment
4.1 Introduction
This section ﬁrst presents the experimental setup and results, which are used for the
validation of the numerical ﬁndings. For this experiment, one-side rectangular large scale
acrylic nozzle is employed.
4.2 Experimental Setup
4.2.1 Experimental Apparatus
Figure 4.1 shows the schematics of the experimental apparatus. Filtered tap water is
discharged through a rectangular nozzle into ambient air by a plunger pump. Liquid ﬂow
rate is measured using a ﬂow meter.
Figure 4.1: Experimental apparatus
Geometry of the rectangular nozzle is given in Figure 4.2. The width Wn, length Ln
and thickness t of the nozzle are about 2, 8 and 2 mm, respectively.
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The side walls are made of stainless steel thin ﬂat plates, by which a sharp edge was
formed at the inlet of the nozzle. The front and back walls are transparent acrylic ﬂat plates
for visualization and LDV measurement. In order to decrease the number of computational
cells, the width of the upstream region Wu of the nozzle is only four times as wide as the
nozzle width Wn, and there is no inlet edge on the right side. Hence, cavitation occurs
only along the left wall.
Figure 4.2: Nozzle geometry
The concentration of oxygen dissolved in the water is measured using a dissolved
oxygen probe (Hach company, HQ30d) and is about 9 mg/L. Still images of cavitation
and a liquid jet are taken by using a digital camera (Nikon, D70, 3, 008x2000 pixels) and a
ﬂash lamp (Nissin Electronic, MS−1000 and LH−15M , duration=4μs). Time evolution
of cavitation is captured using a high speed digital video camera (Redlake, Motion Pro
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HS − 1, frame rate = 20,000 fps, exposure time=50μs) and a reﬂector lamp (Panasonic,
PRF − 500).
Turbulent liquid velocity inside the rectangular one-side acrylic nozzle was measured
using an LDV system (DANTEC, 60X series) at the middle plane in depth of the nozzle
channel.
The measurement could not be carried out unless silicon carbide (SiC) particles of 3
μm in mean diameter are added as seeding particles (2.5 g/m3). Note that the effects of
the added seeding particles on cavitation are negligible. This assumption is based on the
comparison of the dimensionless cavitation length L∗cav, which is described as the ratio of
the mean streamwise length of the cavitation zone Lcav to the nozzle length Ln, under the
constant injection pressure differences with and without seeding particles as explained in
our previous study [6]. According the result, the increase in L∗cav due to seeding particles
was less than %8. Hence, the effect of the seeding particles is ignored in this experiment.
Further information on experimental setup is described in previous study [6].
4.2.2 Cavitation in Nozzle and Liquid Jet
Experimental conditions are shown in Table 4.1 in details. The two important non-
dimensional numbers, which are used to characterize the turbulent cavitating ﬂows, are
cavitation number K and the liquid Reynolds number Ren, and deﬁned by
K =
Pa − PV
0.5ρLV 2n
(4.1)
Ren =
VnWn
νL
(4.2)
where Pa, PV and Vn show the atmospheric pressure, vapour saturation pressure and mean
liquid velocity in the nozzle, respectively. νL is liquid kinematic viscosity.
Photos of cavitation in the nozzle and a liquid jet near the nozzle are shown in
Figure 4.3. Cavitation inside of nozzle and jets are observed as dark colour due to having
wavy interface. No cavitation bubble is observed for 0.14 MPa injection pressure Pinj
and 10.1 m/s in mean liquid velocity Vn in the nozzle.
Vn = 12.8 m/s (Pinj = 0.22MPa) shows the developing of the cavitation from the
entrance of the nozzle due to the number of appearing cavitation bubbles.
For Vn = 15.4m/s (Pinj = 0.28MPa), a cavitation sheet is formed and cavitation
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extends almost to the exit, which induces a large jet deformation and droplet formation
even in the vicinity of the nozzle.
For Vn > 16.5 m/s (Pinj > 0.31 MPa), hydraulic ﬂip is formed, in which the
reattachment of the separated boundary layer does not occur within a nozzle and the liquid
jet deformation is suppressed.
Table 4.1: Experimental Conditions
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 4. Experimental Equipment 52
Figure 4.3: Cavitation in the rectangular nozzle and liquid jet
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Chapter 5
Applicability of Previous Cavitation
Models other than Bubble Dynamics
Method
5.1 Introduction
In this Chapter, the applicability of the different cavitation models, such as barotropic
model [58] and Kunz’s cavitation model [22], to turbulent cavitating ﬂows in a fuel injector
nozzle are presented. Both models ignore the bubble dynamics approach. OpenFOAM is
used for the numerical simulation of turbulent cavitation ﬂows and turbulent effect is taken
into account using RNG k − , which is known to applicable to the ﬂow with separation
and reattachment. Table 5.1 shows the summary of the combined models used within this
chapter.
Table 5.1: Summary of the combined models
Multiphase
Modelling
Cavitation
Modelling
Bubble
Dynamics
Turbulence
Model
CFD Tool
1. HEM Barotropic - RNG k −  OpenFOAM
2.
Simpliﬁed
VOF
Kunz - RNG k −  OpenFOAM
Numerical results are validated with the experimental data, whose results are
presented in Chapter 4, in terms of cavitation length, thickness and cavitation cloud
shedding in an one-side rectangular nozzle. The motion of transient cavitation and turbu-
lent velocity in a rectangular nozzle were acquired by using a high speed camera and Laser
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Doppler Velocimetry (LDV), which are useful for a quantitative veriﬁcation of turbulent
cavitation ﬂow models.
5.2 Model Equations
5.2.1 Barotropic Model
A barotropic cavitation model with the combination of Homogeneous equilibrium
model (HEM) and a RANS turbulence model are used for simulation of the cavitation
ﬂow. It is assumed that liquid and vapour phases are perfectly mixed in each cell and
the compressibility of the two-phase mixture is taken into account in the calculations. To
calculate the cavitation, a common barotropic equation of state proposed by Dellanoy and
Kueny [58], which describes the relation between the pressure and density as a closure
equation, is employed in the form of the following equation:
Dρm
Dt
= Ψ
DP
Dt
(5.1)
where t and P show time and pressure, respectively. Ψ refers to the compressibility of the
mixture phase, and corresponds to the inverse of the speed a of sound squared:
Ψ =
1
a2
(5.2)
This equation can be operated directly in the continuity equation to formulate a
pressure equation or integrated to obtain the pressure as a function of the density. The
latter approach was conducted by Schmidt et al. [18]. The equation of state should be
compatible with the liquid and vapour equations of the state both at the limits when there
is pure liquid and pure vapour, and also when there is a mixture of them. Both cases can
be explained by a linear equation of state:
ρV = ΨV P (5.3)
ρL = ρ
0
L +ΨLP (5.4)
where ΨL, ΨV and ρ0L show liquid and vapour compressibilities, and the liquid density at
given temperature, which is represented by
ρ0L = ρL,sat −ΨLPsat (5.5)
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where ρL,sat and Psat demonstrate liquid density and pressure at saturation, in turn. The
volume fraction of vapour in the mixture phase is deﬁned by αV ,
αV =
ρm − ρL,sat
ρV,sat − ρL,sat (5.6)
where the vapour density at saturation ρV,sat is calculated by
ρV,sat = ΨV Psat (5.7)
There is no cavitation if αV is 0, whereas a cell is fully occupied by cavitation if αV
is 1. The mixture density ρm is given as follows [61];
ρ = (1− αV )ρ0L + [αVΨV (1− αV )ΨL]Psat +Ψ(P − Psat) (5.8)
The compressibility Ψ is modelled using Wallis linear model [60] as follow,
Ψ = αVΨV + (1− αV )ΨL (5.9)
The mixture’s molecular viscosity μm is given by:
μm = αV μV + (1− αV )μL (5.10)
where μL and μV show pure liquid and pure vapour dynamic viscosities, respectively.
In this study, OpenFOAM platform is used, under the name of cavitatingFoam [27].
The methodology of the cavitatingFoam solver starts by solving the continuity equation
for ρm:
∂ρm
∂t
+∇  (ρmU) = 0 (5.11)
where U denotes the mixture velocity. Then, calculated value of ρm is used to attain
preliminary values for αV (in Equation 5.6) and Ψ (in Equation 5.9), and solving the
momentum equation
∂ρmU
∂t
+∇  (ρmUU) = −∇P +∇  [μeff (∇U+ (∇U)T )] (5.12)
where the effective viscosity μeff is given by
μeff = μm + μt (5.13)
where μm and μt denote the molecular and turbulence viscosities. The latter is modelled
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by one of the RANS turbulence model such as RNG k −  model.
An iterative PISO algorithm is employed to solve P and correct the velocity U to
achieve continuity. The continuity equation used in the PISO loop is transformed into a
pressure equation by using the Equation 5.8 as follows.
∂(ΨP )
∂t
− [ρ0L + (ΨL −ΨV )Psat]
∂Ψ
∂t
− Psat∂Ψ
∂t
+∇  (ρmU) = 0 (5.14)
When the continuity is satisﬁed, the values of the properties ρm, αV andΨ are updated
via Equations 5.8, 5.6 and 5.9, respectively. Then, these are used to solve momentum
Equation 5.12 again. The algorithm is repeating until the convergence is achieved.
In the numerical calculations, the advections terms are discretised by using a total
variation diminishing (TVD) scheme named limited linear [104].
The time step Δt is limited by the Courant number Co and the acoustic Courant
number Coacoustic deﬁned as:
Co = max
( |U |
Δx
)
Δt (5.15)
Coacoustic = max
(
1√
ΨΔx
)
Δt (5.16)
where Δx is the cell size in the direction of the velocity. The Courant number is set to
be 0.125, while the acoustic Courant number is limited to 12.5. Both values have been
set according to their effects on the results accuracy and also by taking into account the
computational cost. Time step Δt is set to be 10−8 s.
5.2.2 Kunz’s Model
Kunz et al. [22] proposed a cavitation model based on the liquid volume fraction αL
by similar sink and source terms, which indicates the mass transfer between liquid and
vapour phases with empirical constants. This approach is a semi-analytical model, which is
based on the conservation of mass-momentum around the cavity interface, and is coupled
with Mass Transfer Model by solving following transport equation of liquid,
∂(αLρL)
∂t
+∇  (αLρLU) = Rc +Re (5.17)
where Rc and Re display rate of mass transfer source terms for condensation and evapora-
tion, respectively.
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The evaporation and condensation source terms are given in this model as follows.
Re = Cv
αLρVmin[0, PL − PV ]
t∞(0.5ρLU2∞)
, PL < PV
Rc = Cc
(1− αL)α2LρV
t∞
, PV < PL
(5.18)
U∞ and t∞ show the mean stream velocity and mean ﬂow time scale, respectively. t∞
is computed as L/U∞, where L displays characteristics length scale (which is set to be
the nozzle length in this thesis). In the original model, the empirical constants Cv and CL
are both set to be 100. These constants are used to distinguish between vaporization and
condensation in order to enhance the predictive accuracy.
The mixture density ρm and viscosity μm are calculated based on the volume fraction
of the liquid phase as follows
ρm = (1− αL)ρV + αLρL (5.19)
μm = (1− αL)μV + αLμL (5.20)
Turbulence effects are taken into account using RNG k −  model. An iterative
PIMPLE algorithm is employed to solve P and correct the mixture velocity U. Time step
Δt and the maximum Courant number are set to be 10−8 s and 0.1, respectively.
5.3 Mesh Description and Flow Conditions
It is well know that the results of the CFD calculations are affected by the computa-
tional mesh, especially in the regions of the high velocity gradients. Therefore, the mesh
number whose independence is shown with details in the section 7.2.4 of Chapter 7, was
used for both calculations. The chosen mesh is a structured grid with 73,100 hexahedral
cells and 50 μm in minimum cell size.
For the calculations, an Intel Core i7 CPU X 980 @ 3.33 GHz X 6 core (each core
has 2 threads), 12 GB RAM PC is employed. Injection pressure Pinj is set to be 0.22 and
0.25 MPa, while outlet pressure Pout is ﬁxed to the environment pressure as 0.1 MPa. At
the nozzle walls, a no-slip condition is applied. The default wall functions provided by
OpenFOAM are employed for the turbulent quantities k, , and νt.
The ﬁrst order upwind scheme is used for the discretization of the convection terms of
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the turbulence parameters due to stability reasons. Each calculations takes approximately
2.5 days.
5.4 Numerical Results and Discussion
5.4.1 Results of Barotropic Model
Measured and calculated mean velocities at y = -1.5, -3.0 and -6.0 mm for Pin = 0.22
MPa are shown in Figure 5.1. The combination of HEM, Baro and RNG k −  shown in
red lines indicates slightly wrong prediction and underestimation of mean stream-wise
velocity especially through the exit of nozzle.
Figure 5.1: Measured and calculated mean velocities at Pinj = 0.22 MPa
Figures 5.2, 5.3 and 5.4 show calculated results taken from the central cross section
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in depth of the nozzle using the combination of HEM, Baro and RNG k −  models in
terms of liquid volume fraction, pressure and velocity distributions, and turbulence model
parameters at Pinj = 0.22 MPa,Pinj = 0.25 MPa and Pinj = 0.28 MPa respectively.
Figure 5.2: Calculated results with barotropic model at Pinj = 0.22 MPa
Figure 5.3: Calculated results with barotropic model at Pinj = 0.25 MPa
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As seen in the results, the combination of HEM, Baro and RNG k −  underestimates
the cavitation region and results in a wrong prediction for cavitation length and thickness.
This underestimation can also be seen in Figure 5.5 which shows the measured and
calculated mean cavitation length for different injection pressure.
Figure 5.4: Calculated results with barotropic model at Pinj = 0.28 MPa
Figure 5.5: Measured and calculated mean cavitation lengths at different conditions
Additionally, this combination is unable to reproduce transient cavitation behaviour
with cavitation cloud shedding, which plays a dominant role in atomization of injected
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liquid jet and spray for all cases. It should be noted that barotropic closure ignores
the bubble dynamics and therefore, it does not have physical sense in the prediction of
cavitation. Similar results can be found in our previous works [64, 89, 105].
5.4.2 Results of Kunz’s Model
As explained before, Kunz cavitation model includes two empirical constants for
condensation Cc and vaporization Cv, which are given 100 in the original formulation.
Figure 5.6 displays calculated results taken from the central cross section in depth of the
nozzle using the combination of VOF, Kunz and RNG k −  models in terms of liquid
volume fraction, pressure and velocity distributions, and turbulence model parameters at
Pinj = 0.22 MPa. As seen in the results, using 100 for both empirical constants gives
underestimation for the cavitation region, and results in wrong prediction for the cavitation
length and thickness within recirculation zone. It is also unable to capture the transient
cavitation behaviour with cloud shedding.
Figure 5.6: Calculated results with Kunz model using Cc = Cv = 100 at Pinj = 0.22 MPa
After intensive investigations for the constant parameters, Cc and Cv both are set to
be 1000 to accurately simulate the cavitation within nozzle. Figure 5.7, Figure 5.8 and
Figure 5.9 illustrate the calculated results using the combination of VOF, Kunz and RNG
k −  models in terms of liquid volume fraction, pressure, velocity and turbulence model
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Figure 5.7: Calculated results with Kunz model using Cc = Cv = 1000 at Pinj = 0.22 MPa
parameters when Pinj was 0.22 MPa, 0.25 MPa and 0.28 MPa respectively. As obtained,
tuning constant parameters as 1000 results in good prediction and gives better estimation
in the sense of cavity length and thickness when compared to experimental data.
Figure 5.9: Calculated results with Kunz model using Cc = Cv = 1000 at Pinj = 0.28 MPa
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Figure 5.8: Calculated results with Kunz model using Cc = Cv = 1000 at Pinj = 0.25 MPa
Figure 5.10 also shows calculated and measured cavitation length for the different
pressure conditions using tuned parameters. As seen in the results, the combination of
Kunz and RNG k−  models predicts the cavitation lengths with 5-10% error compared to
measured data.
Figure 5.10: Measured and calculated mean cavitation lengths at different conditions
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Figure 5.11: Transient cavitation motion with (a) high speed image (b) Kunz model (Pinj
= 0.22 MPa)
Figure 5.12: Transient cavitation motion obtained with Kunz model (Pinj = 0.25 MPa)
Figure 5.11 indicates experimental high speed images of transient cavitation and
calculated results taken from the central cross section in depth of the nozzle using the
combination of Kunz and RNG k −  models for Pinj = 0.22 MPa. Figure 5.11 (a) was
taken using the high speed camera whose time internal is 50 μs. In the low pressure zones
within the recirculation region, a huge number of nuclei grow and vortices are shed from
the reattachment point. The vortex accompanied by clouds of bubbles is shed and the
bubbles collapse during the shedding. The phenomena is well simulated using Kunz’s
model with the value of 1000 for empirical constants and agreed quite satisfactorily with
the high speed image. Figure 5.12 also conﬁrms the validation of the tuned value for model
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constants, which displays a good agreement in the prediction of cavitation cloud shedding
with the combination of Kunz/ RNG k −  when Pinj is 0.25 MPa.
5.5 Summary
In this Chapter, the feasibility and applicability of the different cavitation models,
such as barotropic model and Kunz’s cavitation model to turbulent cavitating ﬂows in a
fuel injector nozzle are investigated. The validity of numerical results are veriﬁed through
the experimental data. As a result, the following conclusions are attained.
• The combination of HEM, Barotropic and RNG k−  under-estimates the cavitation
region and results in a wrong prediction for cavitation length and thickness for
all cases. Also, It cannot reproduce transient cavitation behavior, which plays a
dominant role in atomization of injected liquid jet and spray.
• It is found that tuning parameter of the model constants is so important in order to
accurately predict the transient cavitation with Kunz’s model.
• Using original value 100 for the model constants gives underestimation for the
cavitation region, and results in wrong prediction for the cavitation length and
thickness within recirculation zone. It is also unable to capture the cavitation cloud
shedding.
• After tuning model parameters to 1000, the combination of VOF, Kunz and RNG k−
models results in good prediction and gives better estimation in the sense of cavity
length and thickness within nozzle. Also, the transient motion of cavitation such as
cloud shedding in the recirculation zone is well-predicted. Also, this combination is
able to predict supercavitation inside nozzle well.
• Finally, it can be stated that the applicability of barotropic model into modelling of
the nozzle cavitation is limited whereas tuning of the model constants are crucial for
the correct applicability of Kunz’s model.
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Chapter 6
Model Combination of
Eularian-Lagrangian BTM / RP / LES
6.1 Introduction
This Chapter presents the details and results related to ﬁrst proposed combination
model of Eularian-Lagrangian Bubble Tracking Method (BTM), Rayleigh-Plesset (RP)
equation and Large Eddy Simulation, which is in-house code, as indicated in Table 6.1. It is
also given model equations, turbulence model description, boundary and initial conditions
of the numerical model. This study includes one of the achievements of the present thesis
and published in the international journal of Computer&Fluids [19].
Table 6.1: Summary of the combined model
Multiphase
Modelling
Cavitation
Modelling
Bubble
Dynamics
Turbulence
Model
CFD Tool
Two-Fluids
(E-L)
- RP LES In-house code
As explained in previous chapters, the cavitation clouds shedding in a nozzle of fuel
injector for diesel engines plays a dominant role in the fuel spray atomization process and
the subsequent spray combustion. Cavitation in the nozzle takes various forms, such as a
transparent cavitation sheet and clouds of cavitation bubbles, which makes its prediction
difﬁcult.
As a ﬁrst step to develop a cavitation model which can accurately treat both the sheet
and cloud cavitations, it is proposed a model combination of BTM, LES and RP equation
to simulate the an incipient cavitation, in which only cavitation bubble clouds appear.
The growth and collapse of cavitation bubbles and nuclei are computed by tracking their
trajectories in a Lagrangian manner and solving the Rayleigh-Plesset equation.
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A precursor simulation of a fully developed turbulent ﬂow in a channel, in which
periodic boundary condition is adopted for the inlet and exit, is carried out to generate inlet
boundary condition for a nozzle simulation.
To verify the validity of the model, the experimental data of one-side rectangular
nozzle, whose results are presented in Chapter 4, is used. The transient cavitation motion
and turbulent velocity in a rectangular nozzle was acquired by using a high speed camera
and Laser Doppler Velocimetry (LDV), which are useful for a quantitative veriﬁcation of
turbulent cavitation ﬂow models.
6.2 Numerical Models
6.2.1 Eularian-Lagrangian Bubble Tracking Model
Growth and collapse of cavitation bubbles and nuclei are computed by solving the
following Rayleigh–Plesset equation [90];
..
Rb +
3
2
.
Rb
2 =
(
Pb − PL − 4μL
.
Rb
Rb
− 2σ
Rb
)
(6.1)
where Rb denotes the bubble radius, μL the liquid viscosity and σ the surface tension,
respectively. The local instantaneous pressure at the center of the bubble is used as the
liquid pressure PL. Pressure inside the bubble Pb is given by (as previously explained in
Chapter 3.2)
Pb = PG + PV =
(
PL0 − PV − 2σ
R0
)(
R0
Rb
)3κ
+ PV (6.2)
where κ is the ratio of the speciﬁc heats, and subscript 0 shows the initial value. The
non-condensable gas PG is calculated by
constant =
{
PGR
3
b if
dRb
dt
> 0 (6.3a)
PGR
3κ
b if
dRb
dt
< 0 (6.3b)
To evaluate accurately the local instantaneous pressure PL in equation 6.1, all bubbles
and nuclei are tracked by the solving the following equation of nth motion [106]:
(ρnb + CVMρL)
dunb
dt
= (1 + CVM)ρL
d
−
uL
dt
− Fnd − Fnlf + (ρnb − ρL)g (6.4)
where ρb and ρL are the bubble and liquid densities, CVM the virtual mass coefﬁcient
(CVM = 0.5), the time, and g the gravitational acceleration, respectively. The ub and uL
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denote the bubble and the liquid velocities at the bubble center. The Fd and Flf are the
drag force and the lift force calculated by the following correlations [106].
Fd =
3
4Db
CdρL|ub − −uL|(ub − −uL) (6.5)
Flf = Clf (ub − −uL)× (∇× −uL) (6.6)
where Db is the bubble diameter. Cd and Clf show the he drag and lift coefﬁcients for a
single bubble and are given by [106]
Cd =
24
Reb
(1 + 0.15Re0.687b ) (6.7)
Clf = 0.5 (6.8)
where Reb is the bubble Reynolds number and deﬁned by
Reb =
ρL|ub − −uL|Db
μL
(6.9)
The Lagrangian manner enables us to avoid the numerical diffusion of bubble distribu-
tion, to accurately compute the bubble diameter, and to compare calculated and visualized
bubble distributions.
The initial bubble diameter is decided by considering the critical pressure PC and
the lowest pressure Pmin obtained in the simulation. The minimum pressure obtained in
our simulation is about −0.1 MPa, by which we conﬁrm that small nuclei whose radii
are smaller than 0.3 μm will not grow. We carried out visualization with high spatial
resolution and concluded that there are almost no bubble nuclei whose radii are larger than
6 μm. The number density of smaller nuclei is usually much larger than that of larger
nuclei. Therefore, in this case we should treat the nuclei whose initial radii are between 1
and 5 μm. For simplicity, the initial radii of the nuclei are set to be 1.5 μm. Following
some previous literatures, the nuclei number density for them is set to 1012 1/m3.
Initial bubble nuclei are randomly distributed into the recirculation zone. When they
reach the nozzle exit, they are removed from the calculation. New nuclei are provided
from the inlet of the nozzle whose exact positions are randomly calculated according to the
ﬂow rate and nuclei number density. Nuclei and growing bubbles are tracked only within
the nozzle, and about 32,000 nuclei are calculated in the recirculation zone.
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Time step size to solve the ﬂow ﬁeld is 100 ns, while that to solve the Rayleigh–Plesset
equation is 10 ns for an accurate prediction of bubble diameters. The maximum void
fraction is less than 0.1% in the present cases, and we ignore bubble collision, coalescence,
breakup, and bubble-induced turbulence.
6.2.2 Large Eddy Simulation (LES)
There are some previous works to simulate the turbulent cavitating ﬂow in a nozzle
using LES [87, 107–109]. Filtered mass and momentum conservation equations for
incompressible turbulent liquid ﬂow are solved as the basic equations:
∂
−
ui
∂xi
(6.10)
∂
−
ui
∂t
+
−
uj
∂
−
ui
∂xj
= − 1
ρL
∂
−
P
∂xi
+
∂
∂xj
(−τij + 2ν
−
Dij) + gi (6.11)
where Dij is given by
−
Dij =
1
2
(
∂
−
ui
−
uj
+
∂
−
uj
−
ui
)
(6.12)
In this work, the applicability of the standard Smagorinsky model and the subgrid-
scale eddy viscosity model proposed by Vreman [110] to the turbulent ﬂow in a nozzle
is examined. We applied van Driest’s wall damping function near the wall, and the
Smagorinsky constant CS is set to be 0.10, which is usually used for a channel ﬂow LES.
The velocity and pressure ﬁelds are obtained by solving equations 6.10-6.12 using modiﬁed
SOLA [111].
6.2.3 Computational Grid and Boundary Conditions
Figure 6.1 shows the schematic of the computational grids for the precursor and
nozzle simulations.
A precursor simulation of a fully developed turbulent ﬂow in a rectangular channel,
in which periodic boundary condition is adopted at the inlet and exit as illustrated in
Figure 6.1, is conducted to generate the inlet boundary condition for the nozzle simulation.
The length, width and depth of the precursor simulation domain are 8 mm, 8 mm and
2 mm, respectively. The precursor simulation is carried out until a quasi-steady state
turbulent channel ﬂow data are obtained. The velocity data at the center cross-section are
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used as the inlet boundary condition for the nozzle simulations. The initial exit pressure
Pout is set to be 0.1 MPa, which agrees with the experimental condition.
Figure 6.1: Computational grids for the precursor and the nozzle simulations (grid lines
were drawn every 4× 4× 4 cells)
In Figure 6.1, grid lines are drawn every 4×4×4 cells. Through a sensitivity analysis,
the minimum size of the cells near the nozzle wall is set to be 4 μm, by which one or two
cells are assigned within the viscous sub layer. The largest mesh size in the nozzle center
is 52 μm. About 700,000 cells are used for the precursor simulation, and 2,800,000 cells
are used in the nozzle simulations. By using the ﬁne grid we observed strong turbulence
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and cavitation growth in the nozzle, while lesser bubbles grow in weaker turbulence ﬂow
using coarser grids whose minimum cell size is 8 μm or 12 μm.
A Linux computer with 3.0 GHz × 32 core, 16 CPU and 64 GB memories per node
is used for the numerical calculations. Time step Δt is set to be 10−8s. The CPU time for
a precursor simulation is about three weeks to reach steady state, while that for a nozzle
simulation is about one week.
6.3 Results and Discussion
6.3.1 Turbulent Flow in Nozzle
Figure 6.2 shows the mean and turbulence velocities measured by LDV at 8 mm
upstream of the nozzle and the predicted results for the fully developed turbulent channel
ﬂow in the precursor simulations. Calculated turbulent ﬂow in the upstream is in good
agreement with measured result.
Measured and simulated velocities at y=-1.5, -3.0 and 6.0 mm, where y is the vertical
distance from the inlet of the nozzle, for Vn = 12.8 m/s are shown in Figure 6.3. The
calculated results by the Smagorinsky and Vreman’s SGS models are represented in red
and blue lines, respectively. These results agree well for each other.
Figure 6.2: Liquid velocity in the upstream of the nozzle
Although a slight underestimation in turbulence is found near the outer edge of the
recirculation zone, where cell size is not very ﬁne, both SGS models give a reasonable
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prediction for a turbulent ﬂow with a recirculation ﬂow and the reattachment of the
separated boundary layer occurring at the position of y=3.0-6.0 mm.
Figure 6.3: Mean and turbulence velocities in the nozzle (Vn = 12.8m/s)
6.3.2 Transient Cavitation in Nozzle
Figure 6.4 shows the experimental and calculated cavitation ﬂows using the standard
Smagorinsky model for Vn = 12.8m/s. Note that we obtained an almost same numerical
result by using Vreman’s model. Pressure, velocity and vorticity distributions are the
results at the middle plane in depth of the nozzle channel.
The image shown in Figure 6.4(a) was taken using the high speed camera whose
exposure time was 50 μs. The calculated bubble distribution shows the integrated cavitation
in the depth direction, since the experimental pictures of cavitation bubbles are also
integrated in the depth direction using a back lighting. In the computed bubble distribution,
only the bubbles larger than 3.3 μm were drawn in real scale.
As obtained, a great number of nuclei grow in the low pressure regions along the
outer edge of the recirculation zone with a large shear and the vortex shedding from the tail
of the reattachment point. We can conclude that the calculated and experimental bubble
distributions agree well, which indicates the applicability of the combination of LES,
BTM and RP to the cavitation inception in the nozzle. Note that diameters of most of the
growing bubbles are less than 20 μm in the case. Also, Figure 6.5 shows measured and
calculated mean cavitation lengths at vertical direction when Pinj=0.22 MPa. As seen that
cavitation length is well-predicted with a small error by the combination of LES, BTM
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and RP models.
Figure 6.4: Observed and calculated cavitation ﬂows (Vn = 12.8m/s)
Figure 6.5: Measured and calculated mean cavitation lengths (Pinj = 12.8m/s)
High speed images of transient cavitation ﬂow and calculated cavitation behavior at
Vn = 12.8m/swere illustrated in Figure 6.6. The calculation is again with the Smagorinsky
model, which agrees with that with Vreman’s model. The transient result clearly concludes
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that the shedding of a vortex accompanied by clouds of collapsing bubbles, which plays
a dominant role in the deformation and atomization of discharged liquid jet and has not
predicted well in the previous simulations yet, is well simulated by the present combination
of model.
A good agreement is also obtained in the case of lower velocity of Vn = 10.6m/s
as shown in Figure 6.7. These results conclude that the LES/BTM/RP model enables us
to simulate cavitation cloud shedding in incipient cavitation regime and to quantitatively
predict the turbulent ﬂow and the cavitation length and thickness in a nozzle.
Figure 6.6: Transient cavitation motion (Vn = 12.8m/s, results are shown every 50 μs)
Figure 6.7: Observed and calculated cavitation ﬂows (Vn = 10.6m/s)
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6.4 Summary
In this Chapter, results of the combination of Large Eddy Simulation (LES), Bubble
Tracking Method (BTM), and the Rayleigh–Plesset (RP) bubble dynamics equation is
presented in order to predict quantitatively the cavitation thickness and length and to
simulate cavitation cloud shedding in incipient cavitation ﬂows inside the nozzle of a
Diesel fuel injector.
Precursor simulations of fully-developed turbulent ﬂows in a rectangular channel are
carried out to generate inlet boundary condition for cavitating nozzle simulations.
To verify the validity of the new model, the length and thickness of cavitation zone in
an one-side rectangular nozzle are used, and the transient motion of incipient cavitation
with a cloud shedding as well as turbulent velocity in the nozzle were acquired by using a
high-speed camera and a Laser Doppler Velocimetry (LDV), respectively. As a result, it is
found that
• a recirculation ﬂow near the inlet edge and the vortex shedding from the tail of the
reattachment point are successfully predicted and turbulent ﬂows in the nozzle are
quantitatively predicted well by LES with a ﬁne grid,
• the length and thickness of the cavitation zone are quantitatively predicted well,
• a cavitation cloud in a vortex shedding from the tail of the cavitation zone is well
reproduced by solving the RP equation for all nuclei and bubbles tracked in a
Lagrangian manner for incipient cavitation regime.
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Chapter 7
Application of New Bubble Dynamics
Model to Fuel Injector Nozzle
7.1 Introduction
As already mentioned before, cavitation occurring inside diesel injector nozzles
plays a key role in atomization of fuel spray. Most of cavitation models based on bubble
dynamics use the Rayleigh (R) equation, which employs the vapour saturation pressure
PV and it is sometimes called simpliﬁed Rayleigh-Plesset (RP) equation, to simulate the
growth and collapse of bubbles.
We have already found that that R equation over-predicts for cavitation when local
pressure is slightly below PV as indicated in Chapter 3. Therefore, a Modiﬁed Rayleigh
(MR) equation taking into account the critical pressure PC is proposed, and presented
its validity by comparing with R and RP equations using several test cases with uniform
pressure in Chapter 3.
In this Chapter, the applicability of the MR equation to turbulent cavitating ﬂows and
its superiority versus R equation in a fuel injector nozzle are presented. OpenFOAM is
used for the numerical simulation of turbulent cavitating ﬂows and turbulent effect is taken
into account using RNG k − , which is known to applicable to the ﬂow with separation
and reattachment. Table 7.1 shows the summary of the combined models used within this
chapter.
Numerical results are validated with the experimental data, whose results are
presented in Chapter 4, in terms of cavitation length, thickness and cavitation cloud
shedding behaviour in an one-side rectangular nozzle. The transient cavitation motion
and turbulent velocity in a rectangular nozzle was acquired by using a high speed camera
and Laser Doppler Velocimetry (LDV), which are useful for a quantitative veriﬁcation of
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turbulent cavitation ﬂow models.
Table 7.1: Summary of the combined models
Multiphase
Modelling
Cavitation
Modelling
Bubble
Dynamics
Turbulence
Model
CFD Tool
1.
Simpliﬁed
VOF
Schnerr-Sauer MR RNG k −  OpenFOAM
2.
Simpliﬁed
VOF
Schnerr-Sauer R RNG k −  OpenFOAM
7.2 Numerical Model
7.2.1 Two-phase Flow Modelling
In order to model the turbulent cavitating ﬂow, two-phase treatment is needed to be
determined with the mechanism of the phase transformation between liquid and gas phases.
A homogeneous equilibrium two-phase mixture method (HEM) is used, which supposed
that liquid and vapour phases are perfectly mixed in each cell and one set of conservation
equations are solved for the mixture phase. To specify the phase change between liquid
and vapour, the following transport equation based on liquid volume fraction αL is used
∂(αLρL)
∂t
+∇  (αLρLU) = Rc +Re (7.1)
where U, Rc and Re display mixture velocity, rate of mass transfer source terms for
condensation and evaporation, respectively. The density and viscosity of the mixture phase
are calculated based on the volume fraction of the liquid phase as follows
ρm = (1− αL)ρV + αLρL (7.2)
μm = (1− αL)μV + αLμL (7.3)
where ρm and μm are the density and viscosity of mixture phase, while ρV , ρL, μV and μL
represent vapour and liquid densities and dynamic viscosities, respectively. The continuity
(mass conservation) was given for the mixture phase by
∂ρm
∂t
+∇  (ρmU) = 0 (7.4)
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By substituting Equation 7.1 into Equation 7.4, the mass conservation can be rewritten in
the form of velocity divergence as
∇  U = − 1
ρm
dρm
dt
=
ρL − ρV
ρm
dαL
dt
(7.5)
This shows that divergence velocity ﬁeld is no longer zero. If Equation 7.5 is put into
Equation 7.1, the mass transfer source terms can be obtained as
Rc +Re =
ρLρV
ρm
dαL
dt
(7.6)
Regarding to mass transfer source terms deﬁnition in Equation 7.6, the continuity
equation can be written subject to the source terms as follows:
∇  U = Rc +Re
(
1
ρL
− 1
ρV
)
(7.7)
The momentum equation is written for the mixture phase
∂ρmU
∂t
+∇  (ρmUU) = −∇P +∇  [μeff (∇U+ (∇U)T )] (7.8)
where μeff is the effective viscosity and given by
μeff = μm + μt (7.9)
where μm and μt denote the molecular and turbulence viscosities. The latter is modelled
by one of the RANS turbulence model such as RNG k −  model.
7.2.2 Cavitation Model
To specify sources terms in the RHS of the transport Equation 7.1, the cavitation
model, which is based on bubble dynamics and developed by Schnerr and Sauer [20], is
chosen due to widely use in the literature [57, 71–76].
Bubble growth and collapse are calculated using Rayleigh (R) equation in this model,
and model equations are already given in section 2.4.2.2. R equation uses vapour saturation
pressure PV as threshold for evaporation and condensation. In this model, mass transfer
rates are given by using R equation as
Re = −Cv 3ρLρV
ρm
αL(1− αL)
Rb
sgn(PV − PL)
√
2 |PV − PL|
3ρL
, PL < PV (7.10)
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Rc = Cc
3ρLρV
ρm
αL(1− αL)
Rb
sgn(PV − PL)
√
2 |PL − PV |
3ρL
, PV < PL (7.11)
where Cc and Cv are the rate constants for condensation and vaporization, respectively
and they are set to be 1 for calculations. Therefore, the effects of the empirical constants
are ignored. However, as already shown in Chapter 3, R equation over-estimates bubble
growth since cavitation takes place when the local pressure is less than the vapour saturation
pressure PV instead of critical pressure PC . To avoid this overestimation and to precisely
model the cavitation inside injector nozzle, the MR equation based on the critical pressure,
whose deﬁnition is given in section 3.2.1, is used.
Bubble collapse in Schnerr-Sauer model is also driven by R equation. However, the
bubble collapse speed is faster than the bubble growth speed. Therefore, R equation is
slightly modiﬁed for the bubble collapse by changing the constant 2/3 to 1.27 [89]. Finally,
mass transfer rates based on PC are given as,
Re = −Cv 3ρLρV
ρm
αL(1− αL)
Rb
sgn(PC − PL)
√
2 |PV − PL|
3ρL
, PL < PC
Re = Rc = 0 , PC < PL < PV
Rc = Cc
3ρLρV
ρm
αL(1− αL)
Rb
sgn(PL − PC)
√
1.27
|PL − PV |
ρL
, PV < PL
(7.12)
As seen in Equation 3.12 and Equation 3.13, the critical pressure PC depends on the
injection pressure Pinj and the initial radius R0 of the bubble nuclei. The relationship
between PC and initial nuclei diameter D0 = 2R0 is shown in Figure 7.1 for a water
injection case when the injection pressure of Pinj is 0.22 MPa.
As seen in Figure 7.1, PC does not change a lot for D0 ≥ 2μm. For the all the present
simulations, initial bubble radius R0 and the nuclei number density n0 are set to be 1
μm and 1014 nuclei/m3, respectively. It should be noted that nuclei do not grow at or
slightly below PV but start to grow when PL < PC and start to collapse when PV < PL
for proposed MR model.
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Figure 7.1: PC variation subject to D0 at Pinj = 0.22 MPa
7.2.3 RNG k −  Turbulence Model
RNG k −  turbulence model proposed by Yakhot et al. [112] is used to represent the
effects of turbulence in the simulations. This model is derived from conventional k − 
model by modifying the dissipation rate  equation in order to include the effects of the
different scales of motion changes into turbulent diffusion. Model equations are given
by [113]
∂ρLk
∂t
+∇  (ρLkU) = ∇  (αkμeff∇k) + τij.Sij − ρL (7.13)
∂ρL
∂t
+∇  (ρLU) = ∇  (αμeff∇) + C∗1τij.Sij − C2ρL
2
k
(7.14)
where αk = α, C1 and C1 are models constants and given 1.39, 1.42 and 1.68, respec-
tively. Reynolds stresses and C∗1 are deﬁned
τij = −ρLu′iu′j = 2μtSij −
2
3
ρLkδij (7.15)
C∗1 = C1 −
η(1− η/η0
1 + βη3
(7.16)
and
η =
k

√
2Sij.Sij (7.17)
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where η0 = 4.377 and β = 0.012. To calculate the turbulent viscosity μt, initial inlet velocity
ﬂuctuating is supposed to be 5% of the mean inlet velocity Vin and the turbulent kinetic
energy k at the inlet is calculated as follows
k =
3
2
(0.05Vin)
2 (7.18)
The turbulent dissipation rate  was ﬁgured up by
 = C3/4μ
k3/2
l
(7.19)
where Cμ is the constant and taken as 0.09. l shows the characteristic length, and it is set
to be 20% of the nozzle width Wn. Finally, turbulent viscosity μt is calculated as follows:
μt = ρLCμ
k2

(7.20)
It should be noted that all given model constant are derived explicitly in RNG procedure
except β, which is derived from experiment.
7.2.4 Mesh Description and Calculation Conditions
One of the discretisation errors in the CFD simulation is caused by the discretisation
of the solution domain, which includes insufﬁcient mesh resolution. That is why turbulent
ﬂow calculations are strongly affected by computational mesh, especially in the zones of
the high gradients in velocity. For this reason, a mesh independency test is carried out to
verify the proper mesh using three different meshes whose properties were shown in Table
7.2.
Table 7.2: Properties of the different meshes
Course mesh Middle mesh Fine mesh
Total mesh number 32,300 73,100 190,270
Minimum mesh size 100 μm 50 μm 25 μm
CPU time 1 day 2.5 days 4.5 days
Hexahedral structured grids, whose smallest meshes are located in the recirculation
zone, are created using blockMesh utility of OpenFOAM and h-reﬁnement, which is
applied to make locally reﬁnement. In this reﬁnement method, additional points are
inserted locally in the regions where high resolution is needed without disturbing the rest
of the mesh. Figure 7.2 shows the structured middle mesh using 73,100 hexahedral cells
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whose minimum cell size is 50 μm.
Figure 7.3 shows the measured and calculated mean velocities at y = −1.5,−3.0,−6.0
mm with the combinations of VOF/MR/RNG k −  when Pinj was 0.22 MPa. The coarse
mesh illustrated by black lines overestimates the mean stream velocity in the recirculation
zone especially x = 0 0.6 mm, while middle mesh shown by blue and the ﬁne mesh shown
by green lines give almost identical results with the LDV measurement.
Figure 7.2: 3-D computational grid (middle mesh)
Figure 7.4 displays the comparison of the calculated liquid volume fraction αL with
three meshes at Pinj = 0.22 MPa. Since the cavitation region changes with the time,
all the simulated results are taken from same time step and the central cross section in
depth of the nozzle. As obtained, coarse mesh underestimates the cavitation length and
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thickness, and also recirculation zone, while the middle and ﬁne meshes give almost good
predictions compared to the experiment. Figure 7.5 shows the measured and calculated
mean cavitation lengths with different mesh sizes. As seen that, coarse mesh predicts the
cavitation length around 60% error, whereas middle and ﬁne mesh about 7-10%. In the
view of these results and CPU time, middle mesh is chosen for the following numerical
calculations.
Figure 7.3: Measured and calculated mean velocities at Pinj = 0.22 MPa
An Intel Core i7 CPU X 980 @ 3.33 GHz X 6 core (each core has 2 threads), 12
GB RAM PC is employed for the calculations. Injection pressure Pinj is set to be 0.22
and 0.25 MPa, while outlet pressure Pout is ﬁxed to the environment pressure as 0.1 MPa.
At the nozzle walls, a no-slip condition is applied. The default wall functions provided
by OpenFOAM are employed for the turbulent quantities k, , υt. The iterative PIMPLE
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algorithm is used to solve pressure P and correct the mixture velocity U in the solver.
The second order linerUpwind scheme is chosen for the discretization of advection
terms in the momentum Equation 7.8, while an implicit ﬁrst order Euler scheme is used
for the time integration. The advection term in the transport Equation 7.1 is discretised
using van Leer scheme [114] without any artiﬁcial interface compression.
Figure 7.4: Calculated liquid volume fraction with different mesh sizes (Pinj = 0.22 MPa)
Figure 7.5: Measured and calculated mean cavitation lengths with different mesh sizes
(Pinj = 0.22 MPa)
The ﬁrst order upwind scheme is used for the discretisation of the convection terms of
the turbulence parameters due to stability reasons. Time stept and the maximum Courant
number are set to be 10−8 s and 0.1, respectively. Each calculations takes approximately
2.5 days.
As a liquid, water, whose physical properties were given in Table 7.3, is used both
in the experiment and numerical calculations. The saturation pressure PV (=2.3 kPa) is
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taken as the threshold of the cavitation for R model, while PC is set to be -31.8 kPa and
-33.2 kPa (calculated according to Equation 3.12) for the MR model at Pinj 0.25 MPa and
0.22 MPa, respectively. Since the simulations are isothermal, these properties are constant
throughout the calculations.
Simulations are run in the non-cavitating condition for about 15 ms by increasing
the inlet velocity slowly until the initial ﬂow ﬁelds of fully developed turbulent ﬂows are
obtained. After that, the cavitation model is activated to simulate cavitation as depicted in
Figure 7.6.
Table 7.3: Fluid properties
density,
ρ(kg/m3)
viscosity,
μ(Pa.s)
Liquid (water) 998.2 1.00x10−3
vapour 1.73x10−2 1.00x10−6
Figure 7.6: Solution methodology
7.3 Results and Discussion
Figure 7.7 and Figure 7.8 show the instantaneous results of R/RNG k− and MR/RNG
k −  models at Pinj = 0.22 MPa (σ=1.19) and Pinj = 0.25 MPa (σ=0.94), respectively.
Results are illustrated in terms of liquid volume fraction αL, pressure contours P and
velocity vectors, which are taken at the middle plane in depth of the nozzle.
As seen in Figure 7.7 (a) and Figure 7.8 (a), R equation over-estimates the cavitation
region from the points of cavity length and thickness since cavitation takes place when the
local pressure is less than the vapour saturation pressure PV instead of critical pressure PC .
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Figure 7.7: Calculated cavitating ﬂows with (a) R Equation and (b) MR Equation (Pinj =
0.22 MPa)
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Figure 7.8: Calculated cavitating ﬂows with (a) R Equation and (b) MR Equation (Pinj =
0.25 MPa)
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On the other hand, MR equation based on the critical pressure PC gives better
estimation in the sense of cavity length and thickness when compared to R equation, as
shown in Figure 7.7 (b) and Figure 7.8 (b).
The over-prediction of R equation can also be seen in Figure 7.9, which illustrates
the time-averaged mixture density distributions in same time period calculated by R and
MR equations when Pinj = 0.22 MPa. These distributions were taken at vertical distance
y= -1.0, 3.0 and -4.5 mm from the entrance of the nozzle, respectively. The time-averaged
mixture density was calculated according to Equation 7.2. As observed, model with R
equation predicts that cavitation starts much earlier in comparison with MR equation due
to using PV . To be more accurate at y=-1.0 mm and -4.5 mm, model based on R equation
observed that cavitation starts x=0.0 mm for both distance, while MR equation predicts a
value of x=0.42 and 0.45 mm, respectively. Experimental data gives a value of x=0.40 mm
and 0.42 mm.
Figure 7.9: Time-average density distribution over different sections of the nozzle obtained
with R equation and MR equation (Pinj = 0.22 MPa)
This can be clearly seen in the Figure 7.10, which shows measured and calculated
mean cavitation lengths with MR/RNG k −  and R/RNG k −  models. As seen that
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R model gives over prediction for the cavitation length whereas MR model gives well
prediction with small error. Therefore, we conclude that MR model gives better prediction
for cavitation.
Figure 7.10: Measured and calculated mean cavitation lengths with MR/R equations at
different conditions
Figure 7.11: Calculated results with MR Equation at Pinj = 0.28 MPa
Figure 7.11 also shows the supercavitation case calculated with the combination of
MR/RNG k −  models. The results of liquid volume fraction, pressure, velocity and
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 7. Application of New Bubble Dynamics Model to Fuel Injector Nozzle 90
turbulence model parameters are taken from the central cross section in depth of the nozzle
when Pinj is 0.28 MPa. As seen, even though supercavitation inside nozzle is slightly
underestimated, a good prediction is obtained by proposed MR model.
7.3.1 Transient Cavitation in Nozzle
Figure 7.12 shows experimental high speed images of transient cavitation and cal-
culated cavitation ﬂows using MR equation and RNG k −  for Pinj = 0.22 MPa. Figure
7.12 (a) was taken using the high speed camera whose time internal was 50 μs. In the low
pressure zones within the recirculation region, a huge number of nuclei grew and vortices
are shed from the reattachment point. The vortex accompanied by clouds of bubbles is
shed and the bubbles collapse during the shedding. The phenomena are well simulated
with MR model and agreed quite satisfactorily with the high speed image. Figure 7.13 also
conﬁrms the validation of the proposed MR model, which displays a good agreement in
the prediction of cavitation cloud shedding with the combination of MR and RNG k − 
when Pinj was 0.25 MPa.
Figure 7.12: Transient cavitation motion with (a) high speed image (b) MR equation (Pinj
= 0.22 MPa)
Figure 7.14 illustrates a sequence of cavitation cycle with velocity vectors distributions
that are taken at the middle plane in depth of the nozzle. These results are obtained using
the combination of MR and RNG k −  when Pinj 0.22 MPa. The cycle begins with the
small development of cavitation near the entrance of the nozzle due to sharp edge frame
(a), which is called incipient cavitation. Then, cavity moves downstream and develops
through the middle of the nozzle between the frames (b) and (f). The re-entrant jet induces
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 7. Application of New Bubble Dynamics Model to Fuel Injector Nozzle 91
vortex shedding (f) and shortens the cavity among the frames (g)-(j). Finally, new cycle
starts with the development of small cavity at the entrance of the nozzle, frames (k) and (l).
It should be noted that due to using of RANS, the prediction of reverse ﬂow structures and
observation of the cloud shedding moving until the exit of the nozzle are limited compared
to Large Eddy Simulations (LES).
Figure 7.13: Transient cavitation motion obtained with MR equation (Pinj = 0.25 MPa)
7.4 Summary
In this Chapter, the feasibility and applicability of the proposed Modiﬁed Rayleigh
(MR) equation based on critical pressure PC is presented in CFD to precisely predict the
cavitation region and its cloud shedding inside a nozzle. To verify the validity of the
proposed model, results are compared with the conventional cavitation model based on R
equation, which uses PV as a threshold of cavitation, and experimental data.
It is found out that R equation over-estimates cavitation region from the points of
cavity length and thickness, while MR equation based on the critical pressure PC gives
better estimation in the sense of cavity length and thickness for all cases. The transient
motion of cavitation in the recirculation zone, such as cloud shedding, the development of
the re-entrant jet and the cavity break-off is well predicted with the combination of MR and
RNG k − . This approach is easy to be employed and applied for cavitation simulation
inside nozzle since it does not need very ﬁne grid, and therefore it has a short CPU time.
As a ﬁnal comment, it can be stated that the combination of VOF, MR and RNG
k−  model with a proper mesh gives a fairly good prediction and can be used to obtain an
insight into cavitation phenomena within a fuel injector.
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Figure 7.14: Sequence of cavity cycle(Pinj = 0.22 MPa, results are shown every 0.5 ms)
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Chapter 8
Effects of Turbulence Model on
Turbulent Cavitation Flow
8.1 Introduction
This Chapter presents applicability of Modiﬁed Rayleigh equation with various
turbulence models to the turbulent cavitating ﬂows in a rectangular nozzle whether we can
simulate cavitation cloud shedding process captured by a high-speed camera or not and
can quantitatively predict the cavitation length and thickness. OpenFOAM is used for the
numerical calculations of turbulent cavitating ﬂows.
The two-equation turbulence models within the framework of RANS, such as k − ω
SST and RNG k −  models with various meshes of different cell sizes and one equation
eddy viscosity sub-grid scale model under the framework of Large Eddy Simulation (LES)
are tested to simulate the turbulent cavitation ﬂow, whose liquid velocity was measured by
Laser Doppler Velocimetry (LDV).
Table 8.1 displays the summary of the model combinations which are used within
this chapter. The results of ﬁrst combination with RNG k −  model have been already
illustrated in the previous Chapter 7 using various meshes of different cell sizes. As
obtained, the combination of the MR/RNG k −  model with a ﬁne mesh of about 25 - 50
μm in the minimum mesh size Δxmin is able to capture the transient motion of cavitation
in the recirculation zone, such as cloud shedding, the development of the re-entrant jet and
the cavity break-off. Therefore, in this chapter, the model equations of k−ω SST and LES
models are given, and ﬁnally the comparisons of the three different turbulence models and
their results are presented.
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Table 8.1: Summary of the combined models
Multiphase
Modelling
Cavitation
Modelling
Bubble
Dynamics
Turbulence
Model
CFD Tool
1.
Simpliﬁed
VOF
Schnerr-Sauer MR RNG k −  OpenFOAM
2.
Simpliﬁed
VOF
Schnerr-Sauer MR k − ω SST OpenFOAM
3.
Simpliﬁed
VOF
Schnerr-Sauer MR LES OpenFOAM
8.2 The Combination of MR / k − ω SST model
8.2.1 k − ω SST Model
The k−ω SST (Shear Stress Transport) formulation is based on the two-equation eddy-
viscosity model within RANS application which was proposed by Menter and Florian [115].
In this model, the turbulent kinetic energy k and the speciﬁc turbulent dissipation rate ω
equations are given as follows:
(∂ρLk)
∂t
+
∂(ρLujk)
∂xj
= P ∗k − β∗ρLkω +
∂
∂xj
[
(μeff + σkμt)
∂k
∂xj
]
(8.1)
(∂ρLω)
∂t
+
∂(ρLujω)
∂xj
=αρLS
2 − βρLω2 + ∂
∂xj
[
(μeff + σωμt)
∂ω
∂xj
]
+ 2(1− F1)σω2 1
ω
∂k
∂xi
∂ω
∂xi
(8.2)
where the blending function F1 is described by:
F1 = tanh
⎧⎨
⎩
{
min
[
max
( √
k
β∗ωy
,
500ν
y2ω
)
,
4ρσω2k
CDkωy2
]}4⎫⎬
⎭ (8.3)
where y shows the distance nearest to wall and CDkω is given by:
CDkω = max
(
2ρσω2
1
ω
∂k
∂xi
∂ω
∂xi
, 10−10
)
(8.4)
It should be noted that blending function F1 corresponds to zero far from the surface
(k −  model), and switches over the to one within the boundary layer (k − ω model). The
Barıs¸ Bic¸er, Kobe University - 2015 PhD Thesis
Chapter 8. Effects of Turbulence Model on Turbulent Cavitation Flow 95
turbulent eddy viscosity is calculated as follows:
νt =
a1k
max(a1ω, SF2)
(8.5)
where S is rate of strain tensor whereas F2 is a second blending function and identiﬁed by:
F2 = tanh
⎧⎨
⎩
[( √
k
β∗ωy
,
500ν
y2ω
)]2⎫⎬
⎭ (8.6)
In k − ωSST model, a production limiter P ∗k is employed as indicated in Equation 8.1 in
order to hinder the build-up of turbulence in the stagnation areas:
Pk = μt
∂ui
∂xj
(
∂ui
∂xj
+
∂uj
∂xi
)
(8.7)
where P ∗k equals to:
P ∗k = min (Pk, 10β
∗kω) (8.8)
All constants of the model are calculated as a linear combination of the corresponding
coefﬁcients of the underlying models:
α = α1F1 + α2(1− F1) (8.9)
The model constants are: β∗ = 0.09, α1 = 5/9, α2 = 0.44, β1 = 3/40, β2 = 0.0828,
σk1 = 0.85, σk2 = 1, σω1 = 0.5, σω2 = 0.856 and a1 = 0.31. To calculate the initial
boundary conditions of k and ω at the inlet, the velocity ﬂuctuating is supposed to be 5%
of the mean inlet velocity Vin and the turbulent kinetic energy k at the inlet is calculated as
follows
k =
3
2
(0.05Vin)
2 (8.10)
The speciﬁc turbulent dissipation rate ω is ﬁgured up by
ω = C−1/4μ
√
k
l
(8.11)
where Cμ is the constant and taken as 0.09. l shows the characteristic length, and it is set
to be 20% of the nozzle width Wn.
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8.2.2 Mesh Description and Calculation Conditions
Since the turbulent ﬂow calculations are strongly affected by computational mesh,
especially in the zones of high velocity gradient, a mesh independency test are carried
out for k − ω SST model calculations to determine the proper mesh number using three
different mesh sizes as indicated in Table 8.2.
Table 8.2: Properties of the different meshes
Course mesh Middle mesh Fine mesh
Total mesh number 73,100 228,320 621,020
Minimum mesh size 50 μm 25 μm 12.5 μm
CPU time 2.5 day 5 days 10 days
Figure 8.1: 3-D computational grid (middle mesh)
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Uniform hexahedral structured grids, whose smallest meshes were located in the
recirculation zone, are created using blockMesh and reﬁneMesh utilities of OpenFOAM.
Figure 8.1 shows the uniform structured middle mesh with 228,320 hexahedral cells whose
minimum cell size is 25 mum.
Figure 8.2 displays the measured and calculated mean velocities at y = -1.5, -3.0, -6.0
mm with the combination of MR/k−ω SST model when Pinj=0.22 MPa. The coarse mesh
illustrated by black lines overestimates the mean stream velocity in in the recirculation
zone especially x=0.6 2 mm, while middle mesh shown by blue and the ﬁne mesh shown
by green lines give almost identical results with the LDV measurement.
Figure 8.2: Measured and calculated mean velocities with MR/k − ω SST at Pinj = 0.22
MPa
Figure 8.3 shows the comparison of the calculated liquid volume fraction αL with
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three meshes at at Pinj = 0.22 MPa. Since the cavitation region changes with the time, all
the simulated results are taken from same time step and from the central cross section in
depth of the nozzle.
As obtained, the coarse mesh underestimates the cavitation length and thickness, and
also recirculation zone, while the middle and ﬁne meshes give almost good predictions
compared to the experiment. Also, the coarse mesh close the nozzle wall results in
smearing the results and gives wrong attached cavitation on the wall. Addition to this,
Figure 8.4 shows the measured and calculated mean cavitation lengths with different mesh
sizes. As seen that, coarse mesh predicts the cavitation length with around 40% error,
whereas middle and ﬁne mesh about with 8-12% error. In the view of these results and
CPU time, middle mesh, which is shown in Figure 8.1 and inserted 40 cells with 25 μm
size in Δxmin in the recirculation zone, is chosen for next numerical calculations.
Figure 8.3: Calculated liquid volume fraction αL with different mesh sizes at Pinj = 0.22
MPa
An Intel i7 CPU X 980 @ 3.33 GHz x 6 core (each core has two threads), 12 GB
RAM PC is employed for the calculations. Injection pressure Pinj is set to be 0.22 MPa,
while outlet pressure Pout is ﬁxed to the environment pressure as 0.1 MPa. At the nozzle
walls, a no-slip condition is applied. The iterative PIMPLE algorithm is used to solve
pressure P and correct the mixture velocity U in the solver.
The advection term in the transport is discretised using van Leer scheme without any
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Figure 8.4: Measured and calculated mean cavitation lengths with different mesh sizes at
Pinj = 0.22 MPa
artiﬁcial interface compression. Time step Δt and the maximum Courant number are set
to be 10−8 s and 0.1, respectively. As a liquid, water is used both in the experiment and
numerical calculations.
Simulations are run in the non-cavitating condition for about 15 ms until the initial
ﬂow ﬁelds of fully developed turbulent ﬂows are obtained. After that, the cavitation model
is activated to simulate cavitation as already illustrated and explained in Figure 7.6.
Figure 8.5: Transient cavitation motion with (a) high speed image (b) MR/k−ω SST (Pinj
= 0.22 MPa)
8.2.3 Results and Discussion
Figure 8.5 shows experimental high speed images of transient cavitation and calcu-
lated cavitating ﬂows with MR equation and k−ω SST model for Pinj = 0.22 MPa. Figure
8.5 (a) was taken using the high speed camera whose time internal was 50 μs. In the low
pressure zones within the recirculation region, a huge number of nuclei grew and vortices
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are shed from the reattachment point. The vortex accompanied by clouds of bubbles is
shed and the bubbles collapse during the shedding. The phenomena is well simulated with
MR and k − ω SST turbulence model using 228,320 meshes, where minimum mesh size
Δxmin 25 μm, and results were agreed quite satisfactorily with the high speed image.
8.3 LES Model (One Equation Eddy Viscosity Model)
The main idea in LES modelling is to resolve the large-scale turbulent motion in order
to model the small scale eddies, which are more common. This situation can be deﬁned as
an energy cascade concept, which explains the turbulence energy transfer from large-scale
eddies to smaller scales until they are dissipated into heat by viscosity at the molecular
level. Therefore, it is main principal in LES ﬁrst to resolve the turbulent energy of the
large eddies, and then use a sub-grid scale(SGS) model to represent small scale eddies.
8.3.1 Model Equations
Basic ﬁltered mass and momentum conservation equations for incompressible turbu-
lent liquid ﬂow have been already given in section 6.2.2. Addition to this, in the modelling
of the one equation eddy viscosity model for incompressible ﬂow, one more balance
equation is solved to simulate the behaviour of turbulent kinetic energy k, where it is given
∂k
∂t
+∇ · (Uk)−∇ · (μeff∇k) = −S : B − Cek
3/2
 (8.12)
where Ce is the model parameter and given 1.048, while  is the cell volume. ”:”
corresponds to double dot product of the second rank of S and B tensors, which produces
a scalar. Tensors B and S are given as,
B =
2
3
kI − νsgsdev(S) (8.13)
S = symm(∇U) = 1
2
[∇U + (∇U)T ] (8.14)
respectively. In Equation 8.2, I indicates identity tensor and is given
I =
⎛
⎜⎜⎜⎝
1 0 0
0 1 0
0 0 1
⎞
⎟⎟⎟⎠ .
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whereas ”dev” represents deviatoric operator that manipulates the tensor S, and it is given
dev(S) = S − 1
3
(trS)I (8.15)
where ”tr” shows the trace of tensor S which was evaluated by summing the diagonal
components. Sub-grid scale viscosity is calculated as
νsgs = Ck
√
k (8.16)
where Ck is model constant and taken as 0.094. Finally, effective viscosity νeff is obtained
as follow
νeff = νm + νsgs (8.17)
where νm shows molecular viscosity.
An hexahedral structured grid with small mesh 4.4 μm mesh is used to avoid the
numerical error introduced by non-orthogonality, as well as LES ﬁltering communication
error.
The superiority of LES model versus to RANS are signiﬁcant that can be seen in the
results in terms of vortex shedding and unsteady separation.
8.3.2 Mesh Description and Calculation Conditions
Regarding to LES modelling, one equation eddy viscosity sub-grid scale (SGS) model,
which has been already implemented into OpenFOAM, is used. For LES calculation, proper
mesh number is determined by increasing mesh number gradually until the satisﬁed results
are obtained due to low PC performance. The properties of chosen mesh are shown in
Table 8.3.
Table 8.3: Properties of the proper mesh
Total mesh
number
Min. mesh
number
CPU time
chosen mesh 2,082,520 4.4 μm 22 days
Mesh is created using uniform structured cells whose smallest cells are located in
the recirculation zone using blockMesh and reﬁneMEsh utilities of OpenFOAM. Figure
8.6 shows the uniform structured middle mesh with 2,082,520 hexahedral cells whose
minimum cell size is 4.4 mum.
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Figure 8.6: 3-D computational grid (chosen mesh)
An Intel i7 CPU X 980 @ 3.33 GHz x 6 core (each core has two threads), 12 GB
RAM PC is employed for the calculations. Injection pressure Pinj is set to be 0.22, while
outlet pressure Pout is ﬁxed to the environment pressure as 0.1 MPa. At the nozzle walls, a
no-slip condition is applied. An iterative PIMPLE algorithm is used to solve pressure P
and correct the mixture velocity U in the solver.
The advection term in the transport is discretised using van Leer scheme without any
artiﬁcial interface compression. Time step Δt and the maximum Courant number are set
to be 10−8 s and 0.1, respectively. As a liquid, water is used both in the experiment and
numerical calculations.
Simulations are run in the non-cavitating condition for about 15 ms until the initial
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ﬂow ﬁelds of fully developed turbulent ﬂows are obtained. After that, the cavitation model
is activated to simulate cavitation. The calculation takes almost 22 days.
8.3.3 Results and Discussion
Figure 8.7 displays the measured and calculated mean velocities at y = -1.5, -3.0, -6.0
mm with the combination of MR equation and LES model when Pinj=0.22 MPa. The
calculated results with 2,082,520 hexahedral cells, whose minimum cell size is 4.4 μm,
illustrated by black lines give almost identical results with the LDV measurement.
Figure 8.7: Measured and calculated mean velocities with MR/LES at Pinj = 0.22 MPa
Figure 8.8 shows high speed images of cavitation ﬂow and calculated cavitation using
the combination of MR equation and LES model at Pinj=0.22 MPa. The liquid volume
fraction αL, pressure contours P and vorticity contours are taken at the middle plane in
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depth of the nozzle channel. The transient shedding of vortex accompanied by clouds is
clearly predicted well compared to previous RANS model’s results.
Figure 8.8: Transient cavitation motion with MR/LES (Pinj = 0.22 MPa)
Figure 8.9 shows measured and calculated mean cavitation lengths with the combina-
tion of MR/LES when Pinj=0.22 MPa. As obtained that cavitation length is well-predicted
with 9% error using the combination of MR/LES model.
Figure 8.9: Measured and calculated mean cavitation lengths with MR/LES (Pinj = 0.22
MPa)
It should be noted that the transient motion of cavitation cloud shedding is monitored
and well simulated down to exit of nozzle as indicated in Figure 8.10 by the combination
MR/LES using 2,082,520 meshes, where 250 cells are inserted with minimum 4.4 μm size
in Δxmin in the recirculation zone. The results are shown in every 0.25 ms.
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Figure 8.10: Transient cavitation cloud shedding with MR/LES (Pinj = 0.22 MPa)
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8.4 Comparison of the Turbulence Models
Measured and calculated turbulence velocities at y = -1.5, -3.0, -6.0 mm for Pinj =
0.22 MPa are illustrated in Figure 8.11.
Figure 8.11: Measured and calculated turbulence velocities at (Pinj = 0.22 MPa)
The results calculated by RNG k−  model were shown in blue lines. It gives slightly
overestimation where y=- 1.5 and 3.0 mm near the inner of recirculation zone and it is
found an underestimation in turbulence at y=-6.0 mm near the inner and outer edge of the
recirculation zone where the cell size is not ﬁne enough. However, the combination of
MR/RNG k −  model gives a good prediction for a turbulent cavitating ﬂow.
The second results calculated by k − ω SST model were shown in red lines, which
indicates good results where y=- 1.5 and 3.0 mm near the inner of recirculation zone, and
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it is found similar an underestimation in turbulence at y=-6.0 mm near the outer edge of
the recirculation zone where the cell size is not ﬁne enough.
Although, the third results calculated by LES shown in green lines gives a slight
underestimation near the outer edge of the recirculation zone, where the cell size is not very
ﬁne, it is found that it gives a reasonable prediction for a turbulent ﬂow with a recirculation
ﬂow for all positions where y=- 1.5, -3.0 and -6.0 mm.
These ﬁndings showed that turbulence models are highly mesh dependence, where
RNG k −  model can predict good results with more coarse mesh compared to k − ω
SST model, and LES models requires much more ﬁne grids within recirculation zone.
Therefore, before deciding whether turbulence model properly works or not, it is important
to ﬁnd out correct mesh range where the model works properly.
Finally, it should be noted that RANS turbulence modelling has an important short-
coming since it averages over all the turbulent scales and thus, gives a time-averaged ﬁeld.
However, LES model provides time-dependent ﬁelds and takes into account the small scale
eddies using sub-grid model.
8.5 Summary
In this Chapter, applicability of MR equation with various turbulence models to
the to turbulent cavitating ﬂows in a rectangular nozzle is presented in order to predict
quantitatively the cavitation thickness and length, and to simulate cavitation cloud shedding
captured by a high-speed camera inside the nozzle of a fuel injector. For this purpose,
within the framework of RANS, the two-equation turbulence models such as k − ω SST
and RNG k −  models with various meshes of different cell sizes and one equation eddy
viscosity sub-grid scale model under the framework of Large Eddy Simulation (LES) are
tested to simulate the turbulent cavitation ﬂow, whose liquid velocity was measured by
Laser Doppler Velocimetry (LDV). As a result, following ﬁndings are obtained:
• The RNG k −  model with MR equation gives a good prediction for the turbulent
cavitating ﬂow in the nozzle with a ﬁne mesh of about 25 - 50 μm in the minimum
mesh size Δxmin. Also, the transient motion of cavitation in the recirculation zone,
such as cloud shedding is well captured by RNG k − ε using minimum mesh size
Δxmin=50 μm.
• The k − ω SST model with MR equation gives a good prediction for the turbulent
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cavitating ﬂow in the nozzle with a ﬁner mesh equal and lower than 25 μm in Δxmin.
Also, the transient motion of cavitation in the recirculation zone, such as cloud
shedding is well captured with the combination of MR/k − ω SST model using
minimum mesh size Δxmin=25 μm.
• The reverse ﬂow structure and observation of the transient motion of vortex
accompanied by clouds shedding until the exit of the nozzle are well simulated
with the combination of MR/LES models using ﬁne grid where minimum mesh size
is Δxmin=4.4 μm compared to RANS models.
• Finally, this study showed that turbulence models are highly mesh dependence.
Therefore, before deciding whether turbulence model works or not, it is important to
ﬁnd out model’s mesh range where it works properly.
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Conclusion
In this present thesis, a cavitation model, which is based on bubble dynamics and
taking into account critical pressure PC , is proposed. First, the proposed model is assessed
by comparing bubble radii with the existing bubble dynamics bubble dynamics models, i.e.,
the Rayleigh-Plesset (RP) equation, simpliﬁed RP which is called Rayleigh (R) equation
under the various cases, such as a at low water injection pressure and at high diesel injection
pressure. Before this assessment, the validity of RP equation is conﬁrmed through the
calculated and measured bubble radii.
Next, the applicability of the various combinations of different cavitation models to
simulate the unsteady transient cavitating ﬂows in a nozzle of liquid fuel injector for diesel
engines is examined.
First, the applicability of the barotropic cavitation model and Kunz’s cavitation models
which are not based on bubble dynamics approach, are investigated. A barotropic cavitation
model is coupled with Homogeneous Equilibrium Model (HEM)and RNG k−ε turbulence
model, whereas Kunz’s cavitation model is combined with the Volume-of-Fluids (VOF),
Mass Transfer Model (MTM) and RNG k − ε model.
Second, the combination in a house code based on Lagrangian Bubble Tracking
Method (BTM), RP equation and Large Eddy Simulation (LES) is examined.
Third, the combination of Volume-of-Fluids (VOF), RNG k − ε model and Mass
Transfer Model (MTM), whose source terms rre given by R or MR equations, is tested
using OpenFOAM.
Finally, the effect of the turbulence model on cavitation simulation have been tested
using two-equation turbulence models under the deﬁnition of RANS, such as; k − ω SST
and RNG k − ε models with various meshes of different cell sizes and one equation eddy
viscosity model under the framework of Large Eddy Simulation (LES) with ﬁne mesh.
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All CFD simulations are validated by comparing with the experimental data, which is
obtained using one-side rectangular nozzle whose images are captured by a high-speed
camera and the turbulent velocity was measured by a Laser Doppler Velocimetry (LDV).
The ﬁndings and some important results of the present thesis can be summarized as follows:
• The Rayleigh–Plesset (RP) equation gives a good prediction for the radius of a
spherical bubble without bubble–bubble interaction, bubble–wall interaction, bubble
deformation, coalescence, and breakup, only when the time step Δt is enough small.
• Regarding to ﬁrst assessment of the proposed MR model, when the pressure PL
around the bubble is lower than the critical pressure PC (PL < PC), R and MR
equations give identical results with a large Δt for the estimation of the bubble
growth as provided by RP equation. However, when PL lies between PC and PV
(PC < PL < PV ), the R equation overestimates the bubble growth rate, where MR
equation gives a good prediction for the bubble diameter at a wide range of pressure
with a large time step Δt.
• The R equation also gives wrong estimation in the case of bubble collapse since
its predictions always tend to overestimate, whereas the MR equation gives a small
error in the estimation of bubble collapse rate, which is reduced by modifying the
collapse rate coefﬁcient.
• Regarding to CFD simulation with the combination of HEM, Baro and RNG k − 
under-estimates the cavitation region and results in a wrong prediction for cavitation
length and thickness. Also, it cannot reproduce transient cavitation behaviour, which
plays a dominant role in atomization of injected liquid jet and spray. Therefore,
applicability of barotropic model into modelling of the nozzle cavitation is limited.
• Regarding to Kunz’s model, it is found that tuning of model constant parameters are
so important. The original value 100 for the model constants gives underestimation
for the cavitation region, and results in wrong prediction for the cavitation length and
thickness within recirculation zone. It is also unable to capture the cavitation cloud
shedding. After tuning model parameters to 1000, the combination of VOF, Kunz
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and RNG k −  models results in good prediction and gives better estimation in the
sense of cavity length and thickness within nozzle. Also, the transient motion such
as cavitation cloud shedding in the recirculation zone is well predicted. Therefore,
tuning of the model constants is crucial for the correct applicability of Kunz’s
cavitation model.
• The length and thickness of the cavitation zone,and a recirculation ﬂow near the inlet
edge and the vortex shedding from the tail of the reattachment point are successfully
predicted by the combination of Lagrangian Bubble Tracking Method (BTM), RP
equation and Large Eddy Simulation (LES). Also, a cavitation cloud in a vortex
shedding from the tail of the cavitation zone is well reproduced by solving the RP
equation for all nuclei and bubbles tracked in a Lagrangian manner for incipient
cavitation regime. It should be noted that this combination requires a ﬁne grid and
a long CPU time, and is applicable only to incipient cavitation with a low void
fraction.
• Regarding to feasibility and applicability of the proposed MR equation, it is found
out that R equation over-estimates cavitation region from the points of cavity length
and thickness, while MR equation based on the critical pressure PC gives better
estimation in the sense of cavity length and thickness. Also, the transient motion
of cavitation in the recirculation zone, such as the cavitation cloud shedding, the
development of the re-entrant jet and the cavity break-off was well predicted with
the combination of MR and RNG k − . This approach is easy to be employed and
applied for cavitation simulation inside nozzle since it does not need very ﬁne grid,
and therefore it has a short CPU time.
• Regarding to effects of different turbulence models on the nozzle cavitation, it is
obtained that RNG k −  with MR equation gives a good prediction for the turbulent
cavitating ﬂow in the nozzle with a ﬁne mesh of about 25 - 50 μm in the minimum
mesh size Δxmin. Also, the transient motion of cavitation in the recirculation zone,
such as cloud shedding is well captured by RNG k − ε using minimum mesh size
Δxmin=50 μm.
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• The k − ω SST model with MR equation gives good prediction for the turbulent
cavitating ﬂow in the nozzle with a ﬁner mesh equal and lower than 25 μm in Δxmin.
Also, the transient motion of cavitation in the recirculation zone, such as cloud
shedding is well captured with the combination of MR/k − ω SST model using
minimum mesh size Δxmin=25 μm.
• The reverse ﬂow structure and observation of the transient motion of vortex ac-
companied by clouds shedding until the exit of the nozzle are well simulated with
the combination of MR/LES models using ﬁne grid where minimum mesh size is
Δxmin=4.4 μm compared to RANS models.
• This study showed that turbulence models are highly mesh dependence rather than
cavitation model. Therefore, before deciding whether turbulence model works well
or not, it is important to correctly determine the model’s mesh range where they
work properly.
• As a ﬁnal ﬁnding, which concludes that proposed MR equation together with appro-
priate turbulence model and a ﬁne mesh can simulate not only the complex cavitating
recirculation ﬂow, cloud cavitation shedding and re-entrant jet ﬂow but also cavita-
tion thickness, length as well as mean and turbulence velocities quantitatively, and
can be used to explore cavitation phenomena inside fuel injector nozzles.
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